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Abstract: Mathematically gifted students have a potential for understanding and connecting 

mathematics concept. Pattern generalization as a part of functional thinking becomes one of 

the benchmarks for gifted students in mathematics. The mathematics curriculum in Indonesia 

that has not accommodated the functional thinking ability of elementary school students is 

the basis for this study. It focuses on describing mathematically gifted students functional 

thinking in solving figural and non-figural linear pattern task.  Functional thinking abilities 

in this study consist of thinking process in near generalization, far generalization, formal 

generalization and determine inverse. Case study of qualitative approach used in describing 

mathematically gifted students thinking. Data were collected from 5th-grade of gifted 

student’s problem solving in figural and non-figural linear patterns task. the finding showed 

that gifted students are able in functional thinking in different ways. They represented the 

relationship of two quantities symbolically. In solving figural linear pattern task, gifted 

students perform FT consist of: near generalization by counting, multiplicative approach, 

and contextual strategy; far generalization by contextual strategy; formal generalization by 

multiple difference and proportional strategy; and determine inverse by using general rule. 

In solving non-figural linear pattern task, gifted students perform FT consist of near 

generalization, far generalization, and formal generalization by multiple difference strategy; 

and determine inverse by using general rule.  
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INTRODUCTION 

Mathematically gifted students (MGS) have become an interesting topic in recent years. MGS 

refers to students who have mathematics abilities that manifest in the form of successful 

performance and creativity in mathematics tasks (Krutetskii, 1976). When compared to the top 

10% of peers their own age, gifted students are those who have outstanding potential in one or 

more human ability domains, such as intelligence, creativity, social skills, or mindset (Gagné, 
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1985). MGS also have a unique strategy for reasoning and problem solving (Pitta-Pantazi, 

Christou, Kontoyianni, and Kattou, 2011). Krutetskii (1976) described mathematics giftedness as 

formal perception abilities, logical thought abilities, mathematical symbol abilities, generalization 

abilities, mathematical reasoning and structured abilities, flexibility of mental process in 

mathematical activities, striving for clarity, simplicity, economy, and rationality of solutions; 

mathematical memory; mathematical cast of minds expressed in striving to interpret the 

environment mathematically. Students with good problem-solving skills, metacognitive skills, 

creative mathematical thinking, and high ability or performance in mathematical problem solving 

are typically considered to be gifted in mathematics (Leikin, 2018, 2021).  

There has been a lot of research on mathematically gifted students. Pitta-Pantazi et al. (2011) 

constructed a structured Model indicating that mathematical abilities contribute more than 

mathematical creativity. The structured Model also confirmed that the nature of cognitive abilities 

(fluid intelligence and working memory) predicts mathematical giftedness. Gutierrez et al. (2018) 

found that MGS are much faster in learning mathematics, they used different strategies in 

generalization linear patterns. It also showed that students made all necessary cognitive effort, as 

much as was possible due to his limited knowledge of algebra. Paz-Baruch et al. (2022) revealed 

five main cognitive factors: visual-serial processing (VSP); arithmetic abilities (AA); pattern 

recognition (PR); auditory working memory (AWM); visual-spatial working memory (VSWM); 

and Structural equation Modeling (SEM) based on the factor analysis revealed clear differences in 

the role of cognitive abilities as predictors of EM, G, and MG.  

Other research characterized MGS as generalization abilities in mathematics structure and pattern 

(Assmus & Fritzlar, 2022; Erdogan & Gul, 2023; Gutierrez et al., 2018; Krutetskii, 1976; Paz-

Baruch et al., 2022; Pitta-Pantazi et al., 2011). Assmus & Fritzlar (2022) found that mathematical 

giftedness and mathematical creativity have a high correspondence in concerning the invention of 

figural patterns. MGS used figural reasoning in generalizing linear patterns and numerical 

reasoning in generalizing non-linear patterns (Girit Yildiz & Durmaz, 2021). They also used 

different strategies in solving linear and nonlinear pattern (recursive, chinking, contextual, and 

functional) (Erdogan & Gul, 2023).  

Pattern generalization involved the ability to relate and represent two quantities as words, tables, 

graphics, or symbols. This ability is termed functional thinking (FT). FT is a fundamental part of 

algebraic reasoning (Blanton & Kaput, 2005; Smith, 2008). It's key for algebraic thinking because 

it involves generalizations of how quantities are related (Tanıslı, 2011). Functional thinking is a 

representational thinking that focuses on the relationship between two (or more) quantities, 

specifically the kinds of thinking that lead from specific relationships (individual incidences) to 

generalizations of that relationship across instances (Smith, 2008). Blanton et al. (2011) define 

functional thinking as generalizing relationships between co-varying quantities, expressing those 

relationships in words, symbols, tables, or graphs, and reasoning with these various representations 

to analyze function behavior. According to Smith (2008) and Blanton et al. (2011), functional 

thinking consists of the generalization and representation of relationships between two variables.  

There are two types of pattern generalization tasks: figural and non-figural pattern generalization 
tasks (Chua & Hoyles, 2014; F. Rivera & Becker, 2003). Figural pattern generalization task 
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included a task with the pattern listed as a sequence of pictorial context. Non-figural pattern 

generalization is often called numerical pattern generalization when the pattern is listed as a 

sequence of numbers.  

Generalization is part of three activities: identifying similarities in a case, expanding one's 

reasoning beyond the range of origin, and obtaining broader results from certain cases (Kaput, 

1999). Chua & Hoyles (2014) stated that generalization is a process involving at least one of the 

following activities: (i) to examine a few particular cases to identify a commonality; (ii) to extend 

one’s reasoning beyond those particular cases; and (iii) to establish a broader result for those 

particular cases. Generalization starts with a sense of pattern, using patterns, making conjectures, 

and testing the results of generalizations. Thus, it can be said that the process of generalization is 

related to the understanding of patterns and conjectures (Mason, Stacey, and Burton, 2010).  

Concerning linear patterns, Stacey (1989) distinguishes between ‘‘near generalization’’ tasks, 

which include finding the next pattern or elements that can be reached by counting, drawing, or 

forming a table, and ‘‘far generalization’’ tasks, in which finding a pattern requires an 

understanding of the general rule. Amit & Neria (2008) add the “formal generalization” term as 

an explicit requirement for representing a generalization in a formal mode, striving toward algebra.  

Several studies have revealed about students' functional thinking. Warren et al. (2006) found that 

elementary students are capable not only of developing functional thinking but also of 

communicating their thinking both verbally and symbolically. Blanton & Kaput (2004, 2005) 

found that students were able to think functionally at the kindergarten level co-variationally and 

were able to think functionally as a correspondent in the 1st grade. Tanıslı (2011) found that five-

grader students thought on co-variation while working with the linear function tables. Wilkie & 

Clarke (2016) found four types of visual structure in functional thinking, and Stephens et al. (2017) 

found three types and ten levels of student sophistication in functional thinking.  

There are few studies about functional thinking for elementary students in Indonesia. Rusdiana et 

al. (2018, 2017) reported that there are two aspects of elementary students pattern generalization 

in Indonesia: focus on the number of patterns and focus on the figure of patterns.   Syawahid et al. 

(2020) revealed that elementary school students in Indonesia are capable of functional thinking by 

starting recursively to find a corresponding formula. Functional thinking of elementary students in 

Indonesia can also be categorized as recursive-verbal, correspondence-verbal, and recursive-to-

correspondence-symbolic (Syawahid, 2022).  

The limited number of studies on functional thinking of elementary school students in Indonesia 

may be due to the applied mathematics curriculum. Based on the National Council Teachers of 

Mathematics (NCTM) standard, pattern generalization as a core of FT was thought of from grade 

3 to grade 5 of elementary school (NCTM, 2000). However, in the Indonesia curriculum, pattern 

generalization was thought of in secondary school (MoEC, 2016). Despite the difference, it’s 

suspected that some Indonesian students in elementary school are able to generalize patterns, or 

FT (Rusdiana et al., 2017, 2018; Syawahid et al., 2020; Syawahid, 2022).  

Previous studies of functional thinking students of elementary students in Indonesia just revealed 

students thinking in solving figural pattern tasks (Rusdiana et al., 2017, 2018; Syawahid et al., 
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2020; Syawahid, 2022). There are no studies that reveal students functional thinking in solving 

non-figural pattern tasks. This allows for an in-depth study of elementary students’ functional 

thinking in solving figural and non-figural patterns.  

This study aims to describe MGS FT in solving figural and non-figural linear pattern tasks. FT in 

this study consists of near generalization, far generalization, formal generalization, and 

determining the inverse. Near, far, and formal generalization are part of generalization and 

representation relationship, and determining the invers is part of analyze function behavior. 

 

METHOD 

Research Design 

This study tries to describe gifted elementary students functional thinking in solving figural and 

non-figural linear patterns. It also identifies the gifted students’ strategies in performing functional 

thinking. This study used a case study of a qualitative research approach. It involve a detailed study 

of one or a few individuals (Fraenkel, Wallen, and Hyun, 2012). The detailed study in this research 

refers to a case of a few gifted students’ functional thinking. A case study allows searching for a 

selected subject in detail (Cohen, Manion, and Morrison, 2000) and  exploring problems to find 

an in-depth understanding (Creswell, 2012). The types of cases in this study include the intrinsic 

cases of gifted elementary students performing functional thinking (Creswell, 2012; Fraenkel et 

al., 2012). A typical sample of purposive sampling is used to select research subjects. A typical 

sample is considered to be representative of that which is being studied (Fraenkel et al., 2012).  

Participant and Instrument 

This study involved 62 Athirah elementary school at Makasar, Indonesia. They were 13-year-olds 

of fifth grade. We gave a linear pattern task (Wilkie & Clarke, 2016) to 62 students and found that 

there were two students who had a correct answer. Two students who had a correct answer have 

the initial AA and AG. Based on interviews with mathematics teachers, AA and AG are classified 

as students with high achievement and often represent the school in mathematic competitions (e.g., 

mathematics Olympiads).  

Data in this study involved qualitative data consisting of student’s answers and interviews in-

depth. It was carried out by giving functional thinking tests and interview protocols. Functional 

thinking tests consist of figural linear pattern problems and non-figural linear pattern problems.  

Figural linear pattern problems  were adopted from Lepak, Wernet, and Ayieko (2018). These 

problems describe the arranged tables provided by an accompany for business meeting. There is a 

role for this arrangement in that the table is a rectangle and can be occupied by one person on the 

shorter side and two people on the longer side. A picture of arranged tables is given to be a hint in 

this problem. Second, non-pictorial linear pattern problem was produced by research. This problem 

illustrates plant height growth observed by researchers on the first, second, and third days. Students 

are asked to determine plant height on the day after and determine general rules for growth in plant 

height.  
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Aspect Indicator 

Near generalization Determine the nearest unknown quantity of the dependent variable 

from a given pattern 

Far generalization  Determine a certain unknown quantity of the dependent variable from 

a given pattern 

Formal 

generalization 

Determine a relationship between dependent and independent variable 

(e.g., by word, table, graph, or symbolic) 

Determine inverse Determine the quantity of the independent variable for the known 

dependent variable 

Table 1: Functional thinking aspect 

 

Figure 1: Figural and non-figural functional thinking task 

 

Data Collection 

This study was conducted using a task-based interviews. Task-based interview present figural and 

non-figural linear pattern problems and participants were required to explain their solution. One 

of the purposes of conducting task-based interviews is to identify patterns of subject behavior when 

working on tasks, such as success in completing tasks, strategies used, expressions of curiosity, 

and certain actions associated with student success and failure in completing tasks.(Mejía-Ramos 

& Weber, 2020).  
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Data Analysis  

The qualitative data from student’s answer and transcript interviews was analyzed by comparative 

analysis between each category, and new categories emerged (Creswell, 2012; Leedy & Ormrod, 

2019). Interview data and transcripts were reduced to fragments involving explanations of 

student’s main ideas. The data were coded, sorted, and read repeatedly to answer research 

questions. In addition, the pre-established categories (Table 2) were considered to interpret the 

student’s functional thinking emerging from their answer.   

Category Description  

Counting Draw the next figures and count their element 

Recursive Continue the sequence using the numerical difference between 

consecutive terms or explicit the recursive relation between consecutive 

terms 

Multiple 

difference  

Use the difference between consecutive terms as a multiplicative factor 

(adjusting or not the result) to obtain distant terms or the general term. 

Proportional Use multiplicative strategies, starting from one known term of the 

sequence to find distant terms or the general term 

Visual Express a relation between the two varying quantities for a distant term or 

in the general term, based on the characteristics of the pictorial 

representation 

Numerical Express a relation between the two varying quantities for a distant term or 

in the general term, based on the numerical sequence. 

Contextual Constructing a rule based on the information provided in the situation; 

relating the rule to a counting technique 

Guest and check Guessing a rule without regard to why this rule might work. Usually, this 

involves experimenting with various operations and numbers provided in 

the problem situation 

Table 2.:Strategies in generalize function relation (Lannin, 2005; Oliveira, Polo-Blanco, and 

Henriques, 2021) 

 

In order to conceptualize qualitative investigations, research must be trustworthy when collecting, 

analyzing, and interpreting the results (Merriam, 2015). The study employs both the triangulation 

method and triangulation theories to ensure its validity. The triangulation method is used by 

comparing the data collection method and triangulation theories by comparing the data with the 

relevance theories (Merriam, 2015). In this study, we applied the triangulation method by 

analyzing written documents from students, which included their solutions and interview 

outcomes. We applied the triangulation theory by evaluating the study's findings against the 

relevance of multiple journal-published studies. 
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RESULTS 

This section presents gifted students functional thinking (AA and AG), which consists of near 

generalization, far generalization, formal generalization, and determining the inverse in solving 

figural and non-figural linear pattern tasks. AA and AG's functional thinking data is described in 

the form of strategies used in generalizing and representing figural and non-figural linear pattern 

tasks.  

Figural Linear Task 

In a figural linear task, gifted students are asked to complete a task that contains a table setting 

picture pattern. Gifted students are asked to perform near generalizations, far generalizations, 

formal generalizations, and determine inverses.  

AA’s functional thinking in solving a figural linear pattern task involved AA’s abilities in 

generalizing two quantities (people number and Model) and representing them by words, table, 

graphic, or symbolic. Generalization abilities in this study consist of near generalization, far 

generalization, and formal generalization.  

At near generalization, AA tries to determine people number at Model 3. Firstly, AA draws the 

Model 3 figure and writes a number based on people number seated (figure 2). Furthermore, AA 

associates the number with a multiplicative approach (from 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 1 +
1 + 1 + 1 to (8 × 2) + (4 × 1)). In this stage, AA uses a counting strategy by drawing the next 

figure and counting its element (Lannin, 2005; Oliveira et al., 2021).  

R : how did you get people number at Model 3? 

AA : first, I draw Model 3 and write a number representing the people sitting on the 

table, i.e., 1 and 2.   Second, I count the number by associating it with a similar 

number to get (8 × 2) + (4 × 1) = 20. 

R : how did you write a number representing the people sitting on the table? Can you 

explain? 

AA : as we can see in Model 1 and Model 2 that there are two people sitting at a table 

with long sides and one person sitting at a table with a wide side. So, I wrote a 

number based on that. 

 

Before AA performs a far generalization, AA reflects on Model 3 that there are two people sitting 

in pairs at the length of three tables above and two people sitting in pairs at the length of three 

tables below. While there are 8 other people, consisting of 1 person at the width of the tables above, 

1 person at width of the tables below, 3 people at the table on the left, and 3 people at the table on 

the right. This reflection was used by AA to get the people number at Model 13 (far generalization). 

AA imagines that at Model 13 there are two people sitting in pairs at the 13 tables above and two 

people sitting in pairs at the 13 tables below (2 × 13 + 2 × 13 = 4 × 13). While there are 8 other 
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people at Model 13, consisting of 1 person at the table above, 1 person at the table below, 3 people 

at table on the left and 3 people at table on the right (1 + 1 + (2 + 1) + (2 + 1) = 8). In this 

stage, AA used a contextual strategy by constructing a rule based on information provided in the 

situation; relating the rule to a counting technique (Lannin, 2005).  

R : did you get people number at Model 13 by previous way? 

AA : no, I can’t draw the table at Model 13. 

R : so, how did you get people number at Model 13? Can you explain? 

AA : I observe the people number at Model 3 that there are three table above, three 

table below and two table in side. At three table above and below there are 

3 × 2 × 2 people. At two table in side, there are 8 people. It means that for Model 

13 there are 13 table above, 13 table below and 2 table in side. At 13 table above 

and below there 13 × 2 × 2 people and at two table in side there are 8 people.   

 

In formal generalization, AA tries to get a general rule of the people numbers. AA observes that 

the people numbers in Model 1, Model 2, and Model 3 construct a sequence with the same 

difference. The sequence has a difference of 4. AA realizes that the people number at Model 2 

consists of the people number at Model 1 and the difference (16 = 12 + 4 × 1), while the people 

number at Model 3 consists of the people number at Model 2 and the difference (20 = 16 + 4 =
12 + 4 × 2). In this stage, AA used a multiple difference strategy by using the difference between 

consecutive terms as a multiplicative factor (adjusting or not the result) to obtain distant terms or 

the general term (Oliveira et al., 2021).  

R : how did you get the relationship between people number (P) and Model S? 

AA : I noticed the people numbers at 1st, 2nd, and 3rd, and got that the people numbers 

have the same difference for each term. For example, people numbers at 2nd equal 

to people numbers at 1st and difference (16 = 12 + 4), while the people number 

at 3rd equal to the people number at 2nd and difference (20 = 16 + 4 = 12 +
2 × 4). I decide that for Model S, the people number equal to the people number 

at 1st and (𝑆 − 1) multiply by difference, 12 + (𝑆 − 1) × 4.  

 

To determine the inverse, AA tries to determine which Model to use for 75 people. AA used a 

general rule obtained at formal generalization by substituting 𝑃 by 75 + 1 and performing an 

algebraic operation to gen 𝑆 = 17. AA realizes that to get 𝑆, he must provide an even of the people 

number. Therefore, he substitutes 𝑃 by 75 + 1. 

R : how did you get which Model will be used for 75 people? 

AA : I used the previous formula 𝑃 = 12 + (𝑆 − 1) × 4 

R : how did you use the formula? Can you explain? 
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AA : firstly, I substituted 𝑃 by 75 to get S, but the coefficient of S and a Constanta was 

an even number, so I decide to add up 75 by 1 and then I performed the 

mathematics’ operation to get 𝑆 = 17.  .   

 

 

Figure 2: AA’s counting and contextual strategies in near and far generalization 

 

Figure 3: AA’s multiple difference strategies in formal generalization and determine inverse. 

 

In performing generalization, AA was capable of representing the relation between two quantities 

by symbol. He writes general rule of the relationship between people number quantities and Model 

quantities as 𝑃 = 4𝑆 + 8. It shown that AA was capable of thinking functionally by 

correspondence, which means the emphasis is on the relation between corresponding pairs of 

variables (Confrey & Smith, 1991; Smith, 2008).  

AG functional thinking in solving figural linear pattern tasks involved AG’s abilities in 

generalizing two quantities (people number and Model) and representing them by words, table, 

graphic or symbolic. Generalization abilities in this study consist of near generalization, far 

generalization, and formal generalization. 

At near generalization, AG tries to determine the people number at Model 3. Firstly, AG noticed 

the people number at Model 1, consisting of three people sitting above, below, left side, and right 

side of the table, and it can be written mathematically by "3 × 4". Secondly, AG noticed people 
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number at Model 2 consisting of people number at Model 1 and two people sitting on the table 

above and two people sitting on the table below. It can be written by "(3 × 4) + (2 × 2)". 

 

 

 

Figure 4: AG noticing of people number at Model 1 and Model 2 

 

Based on these understandings, AG determined the people number at Model 3 by expressing that 

people number consists of people number at Model 1 and four people sitting on the table above 

and four people sitting on the table below. It can be written as "(3 × 4) + (4 × 2)". In this stage, 

AG used a counting strategy by drawing the next figures and counting their elements (Oliveira et 

al., 2021). Moreover, AG used contextual strategy by constructing a rule based on the information 

provided in the situation (Lannin, 2005).  

 

Figure 5: AG express the people number at Model 3. 

In far generalization, AG tries to determine the people number at Model 13. Firstly, AG tries to 

construct a general form of people number by determining people number at Model 4. She used 

the same strategy previously to get people number at Model 4. She realized that people number at 

Model 4 consist of people number at Model 1, six people sitting on the table above, and six people 

sitting on the table below. It can be written by "(3 × 4) + (6 × 2)". Secondly, AG arranges the 

 

3 x 4 

4 people sitting on the table above

4 people sitting on the table above

 

People sitting on the table above 

People sitting on the table above 
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people number at Model 1, Model 2, Model 3, and Model 4 consecutively. In this stage, AG 

constructed a general form of people number at Model 𝑠 consisting of people number at Model 1 

and multiplication between “2” and 2𝑛 subtracted by 2.  

𝑃(1) = (3 × 4) 

𝑃(2) = (3 × 4) + (2 × 2) 

𝑃(3) = (3 × 4) + (4 × 2) 

𝑃(4) = (3 × 4) + (6 × 2) 

⋮ 
𝑃(𝑛) = (3 × 4) + ((2𝑛 − 2) × 2) 

Finally, AG determined the people number at Model 13 using a general form by substituting 𝑠 

with 13 and performing a mathematical operation to get people number equal to 60. In this stage, 

AG performs a formal first for far generalization. She used a numerical correspondence strategy 

by expressing a relation between quantity of people number and Model 𝑠 quantity for a distance 

term in general term.  

At formal generalization, AG constructed a final general form of the relationship between people 

number quantity and Model 𝑠 quantity using basic algebraic operations to get 𝑃 = 4𝑠 + 8, where 

𝑃 refers to people number quantity and 𝑠 refers to Model 𝑠 quantity. In addition, AG used the final 

general form to determine inverse. She substituted 𝑃 with 76 and performed a mathematical 

operation to get 𝑠 = 17. It was concluded by AG that there was Model 17 for 75 people. 

 

Figure 6: AG answer in solving figural linear pattern task. 

 

Non-Figural Linear Patterns Task 

Non-figural linear pattern task involves the generalization of plant height and day quantity. It 

consists of questions of near generalization, far generalization, formal generalization and 

determining the inverse. 

In this task, AA tries to generalize the relationship between two quantities consisting of days (H) 

and plant height (T). Here, the information provided consists of plant’s height at the 1st, 2nd, and 

3rd days.  

At near generalization, AA tries to determine plant height at 4th days. Firstly, AA processes an 

information of plant height at 1st, 2nd, and 3rd days. He realizes that the plant height has the same 

difference for each day. Furthermore, AA constructed the plant height using the multiple difference 

strategy, for example: plant height at the 2nd day equals plant height at the 1st day and the difference 

(𝐻(2) = 𝐻(1) + 2) while plant height at 3rd day is equal to plant height at 2nd and difference 
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(𝐻(3) = 𝐻(2) + 2 = 𝐻(1) + 2 × 2). With this strategy, AA generalizes that the plant height at 

4th days is equal to plant height at 1st day and the difference multiply by 3 (𝐻(4) = 4 + (3 × 2)). 

“3” refers to the day number (4th) subtracted by 1 (3 = 4 − 1).  

AA uses the same strategy to get plant height at 5th days, which is equal to plant height at 1st day 

and the difference multiplied by 4. “4” refers to the day number (5th) subtracted by 1 (4 = 5 − 1). 

At this stage, AA performs a formal generalization. AA not only uses the multiple of difference 

strategy, but also develops to numerical correspondence strategy by expressing a relation between 

the two varying quantities for a distant term or in the general term, based on the numerical sequence 

(Oliveira et al., 2021). In this case, AA generalizes the general form of relationship between day 

quantity and plant height quantity as 𝑇 = 4 + 2(𝐻 − 1), where 𝑇 refers to plant height, 4 refers to 

plant height at 1st day, 2 refers to difference, and 𝐻 refers to day number.  

At far generalization, AA used a general form of relationship between day quantity and plant height 

quantity previously obtained (𝑇 = 4 + 2(𝐻 − 1)). AA gets the plant height at 7th days by adding 

up the plant height at 1st day and multiplying the difference by 6 (obtained from 7 − 1). Likewise, 

AA gets the plant height at 10th day by adding up the plant height at 1st day and multiplying the 

difference by 9 (obtained from 10 − 1).  

In determining the inverse, AA tries to determine on what day the plant has 86 cm of height. AA 

used the general form of relationship between day quantity and plant height quantity “𝑇 = 4 +
2(𝐻 − 1)”, substituted 𝑇 with 86, and performed a mathematical operation to get 𝐻 = 42. In this 

stage, AA has an understanding of algebraic operation by substituting and operating mathematical 

symbol.  

 

Figure 7: AA answer in solving non-figural linear pattern task 

At near generalization, AG observed the plant height on the 1st, 2nd, and 3rd days.  She found that 

the plant height had the same difference for each term. After realizing that there is a constant 
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difference for each term, AG conjectured the plant height at 2nd day as plant height at 1st and the 

difference, likewise, the plant height at 3rd was equal to the plant height at 2nd and the difference.  

𝐻1: 𝑇 = 4 

𝐻2: 𝑇 = 4 + 2 = 6 

𝐻3: 𝑇 = 4 + 2 × 2 = 8 

AG determined the plant height at 4th day by expressing an equation involving plant height at 1st 

and multiplying the difference by 3. 3 is obtained by 4 subtracted by 1, where 4 refers to 4th term. 

its’ written with "𝐻4: 𝑇 = 4 + (3 × 2)". She also expressed plant height at 5th day as plant height 

at 1st day and multiplied the difference by 4, where 4 is obtained by subtracted 5th term by 1, 

“𝐻5: 𝑇 = 4 + 4 × 2". In this stage, AG used a multiple of difference strategy by use the difference 

between consecutive terms as a multiplicative factor to obtain the distant term (Oliveira et al., 

2021). 

 

Figure 8: AG strategies in determining plant height at 4th days  

 

At far generalization, AG determined plant height at 7th and 10th day. She used the same strategy 

previously by constructing plant height as a sum between plant height at 1st day and multiplicative 

factor. For example, AG expressed plant height at 7th day as a sum between plant height at 1st and 

the difference multiplied by 6, where 6 is obtained by subtracted 7th term by 1 (𝐻7: 𝑇 = 4 +
6 × 2). Likewise, AG expressed plant height at 10th day as a sum between plant height at 1st and 

the difference multiplied by 9, where 9 is obtained by subtracted 10th term by 1 (𝐻10: 𝑇 = 4 +
9 × 2). 

 

Figure 9: AG strategies in determining plant height at 7th and 10th days 

 

At formal generalization, AG expressed the relationship between plant height quantity and day 

quantity symbolically. She conjectured a general term for these relationships from activities at near 

generalization and far generalization. The general term of the relationship between plant height 
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and the day quantity was expressed as 𝑇 = 4 + (𝐻 − 1) × 2, where 𝑇 refers to plant height, 4 

refers to plant height at 1st day, 𝐻 refers to the day’s quantity, and 2 refers to the difference.  

𝐻1: 𝑇 = 4 

𝐻2: 𝑇 = 4 + 1 × 2 

𝐻3: 𝑇 = 4 + 2 × 2 

𝐻4: 𝑇 = 4 + 3 × 2 

𝐻5: 𝑇 = 4 + 4 × 2 

⋮ 

𝐻𝑛: 𝑇 = 4 + (𝑛 − 1) × 2 

To determine the inverse, AG tries to determine on what day the plant height was 75. She used the 

general form previously by substituting 𝑇 with 86 and performing mathematical operations to get 

𝐻 = 42. 

 

(a)              (b) 

Figure 10: (a) AG Near and Far Generalization; (b) AG Formal Generalization and Determining 

Inverse in Solving Non-Figural Linear Pattern Task 

 

 Figural Linear Pattern Non-figural Linear pattern 

AA Near generalization 

- Use counting strategy by drawing 

next figure and count people 

number by multiplicative 

approach [(8 × 2) + (4 × 1)] 

Near generalization 

- Use multiple of difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 
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 Figural Linear Pattern Non-figural Linear pattern 

Far generalization 

- Use contextual strategy by 

constructing a rule based on 

information providing about 

people number and Model size, 

then relating the rule to a counting 

technique [(4 × 13) + 8]. 

Formal generalization 

- Use a multiple difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the general term (𝑃 = 12 +
(𝑆 − 1)4) 

Determine inverse 

- Use a general rule in formal 

generalization (𝑃 = 4𝑆 + 8) and 

substitute people number known 

then operate by mathematical 

operation to get final result.  

(adjusting or not the result) to 

obtain the distance term [𝐻(4) =
4 + (3 × 2) 𝑑𝑎𝑛 𝐻(5) = 4 +
(4 × 2)] 

Far generalization 

- Use multiple of difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the distance term [𝐻(7) =
4 + (6 × 2) 𝑑𝑎𝑛 𝐻(10) = 4 +
(9 × 2)]. 

Formal generalization 

- Use a multiple difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the general term [𝑇 = 4 +
2(𝐻 − 1). 

Determine inverse 

- Use a general rule in formal 

generalization (𝑇 = 4 + 2(𝐻 − 1) 

and substitute people number 

known then operate by 

mathematical operation to get final 

result.  

AG Near generalization 

- Use counting strategy by drawing 

next figure and count people 

number by multiplicative 

approach. 

- Use contextual strategy by 

constructing a rule based on 

information provided in the 

situation [(3 × 4) + (4 × 2)]. 

Near generalization 

- Use multiple of difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the distance term [𝐻4 = 4 +
(3 × 2) 𝑑𝑎𝑛 𝐻5 = 4 + (4 × 2)] 

Far generalization 
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 Figural Linear Pattern Non-figural Linear pattern 

Far generalization 

- Use contextual strategy by 

constructing a rule based on 

information providing about 

people number and Model size, 

then relating the rule to a counting 

technique [(3 × 4) + (24 × 2)]. 

Formal generalization 

- Use a multiplicative reasoning by 

proportional strategy by use 

multiplicative strategies, starting 

from one known term of the 

sequence to find distant terms or 

the general term 𝑃 = 12 + (2𝑆 −
2)2 

Determine inverse 

Use a general rule in formal generalization 

(𝑃 = 4𝑆 + 8) and substitute people 

number known then operate by 

mathematical operation to get final result.  

- Use multiple of difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the distance term [𝐻7 = 4 +
(6 × 2) 𝑑𝑎𝑛 𝐻10 = 4 + (9 × 2)]. 

Formal generalization 

- Use a multiple difference strategy 

by using the difference between 

consecutive terms of people 

number as a multiplicative factor 

(adjusting or not the result) to 

obtain the general term [𝑇 = 4 +
(𝐻 − 1) × 2. 

Determine inverse 

Use a general rule in formal generalization 

(𝑇 = 4 + (𝐻 − 1) × 2 and substitute 

people number known then operate by 

mathematical operation to get final result.  

Table 3: Differences in functional thinking strategies of AA and AG 

 

The finding showed that gifted students of primary school are able to perform functional thinking 

even though they have not obtained number pattern material in their school. Students not only 

perform functional thinking recursively, but they are also able to conjecture a general form of the 

relationship between two variables symbolically. It’s in line with previous studies (Blanton & 

Kaput, 2004; Blanton & Kaput, 2005; Tanıslı, 2011; Warren et al., 2006; Warren & Cooper, 2005) 

which revealed that elementary students are able to generalize and represen the relationship by 

correspondence. Blanton & Kaput (2004, 2005) found that students were able to think functionally 

at the kindergarten level co-variationally and were able to think functionally as a correspondent in 

the 1st grade. Warren et al. (2006) found that elementary students are capable not only of 

developing functional thinking but also of communicating their thinking both verbally and 

symbolically. Tanıslı (2011) found that fifth-grader students thought on co-variation while 

working with the linear function tables. 

This study revealed that gifted primary students perform functional thinking by generalizing the 
relationship between two variables in different ways. They used some strategies in performing the 

generalization, such as counting, multiple difference, and contextual strategy (Lannin, 2005; 
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Oliveira et al., 2021). it’s in line with Erdogan & Gul (2023) finding that gifted students used some 

strategies in generalizing linear pattern tasks, such as functional, chunking, and contextual 

strategies. This finding also promotes the study by Gutierrez et al. (2018) which found that 

mathematically gifted students are much faster than average students in learning mathematics 

content. It showed that gifted students are able to generalize geometric patterns in different ways, 

from recursive type to functional type.  

Gifted students in this study used a multiplicative difference strategy to get a general term of 

relationship between two quantities. It was shown that gifted students are able to develop 

deconstructive generalization (DG), which refers to direct or closed polynomial formula that 

students construct form known stage as a result of figure (Rivera & Becker, 2011). In this study, 

gifted students are able to developing DG in solving figural and non-figural linear pattern task. 

They constructed a polynomial formula as a general rule using multiplicative difference strategy.  

Another aspect of gifted students’ mental flexibility was found in switching from one solution 

method to another. In solving figural linear patterns, AA switched from counting strategy to 

multiple difference strategy and AG from counting strategy to multiplicative reasoning by 

proportional strategy. Previous studies support this finding (Amit & Neria, 2008; Assmus & 

Fritzlar, 2022; Gutierrez et al., 2018). Amit & Neria (2008) found that students who began solving 

problems using the recursive method, usually showed flexibility in trying an alternative approach. 

Assmus & Fritzlar (2022) suggested that gifted students show flexibility in mathematical mental 

process. Gutierrez et al. (2018) declared that gifted students quickly move from one strategy to 

another, which they think is more useful and beneficial.  

In solving a figural linear pattern, gifted students performed a reflection by observing the pattern, 

grasping its central attribute, and performing far generalizations. This finding highlights the 

inseparable connection between generalization and reflection (Amit & Neria, 2008). Ellis (2007) 

introduced reflection generalization, which refers to the final statement of a verval or written 

generalization. In this study, gifted students performed reflection generalization by writing a 

general rule of relationship between two quantities symbolically in solving figural and non-figural 

linear pattern tasks.  

In the near and far generalization of a figural linear pattern, gifted students observed people sitting 

on the table figure and determined the near and far terms using counting strategy. Gutierrez et al. 

(2018) stated that most geometric patterns show a procedure to split the figures into parts that can 

be considered like independent patterns, making it easy to find a general procedure to calculate the 

values of the terms in the sequence. This procedure is termed by functional figural decomposition 

of the pattern with a cognitive demand in the procedures with connections level (Gutierrez et al., 

2018).  

There are different strategies used by gifted students in determining general rule of relationship 

between two quantities of a figural linear pattern. AA used a multiple difference strategy and found 

the general rule as 𝑇 = 12 + 4(𝑆 − 1), while AG used multiplicative approach to find general rule 

as 𝑇 = 12 + 2(2𝑆 − 2). It showed that gifted students have multiplicative constructive 

nonstandard of algebraic generalization type which refers to seeing figural pattern as consisting of 
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nonoverlapping part (Rivera, 2010). Student’s multiplicative reasoning plays a role in functional 

thinking development (Askew, 2018).  

In solving figural linear pattern, gifted students inclined in using non-explicit counting strategy. 

They were able to developing recursive strategy to multiple differences. Recursive rules involve 

recognizing and using the change from term-to-term in the dependent variable (Lannin, Barker, 

and Townsend, 2006). Students understand that there is a same difference from term-to-term and 

they add the difference that they find recursively. However, recursive reasoning can limit the depth 

of functional thinking that students attain (Tanıslı, 2011). 

In solving non-figural linear pattern, gifted students performed the generalization by 

correspondence relationship. It’s based on identifying correlations between variables (M. Blanton, 

2008). Gifted students are able to build a conjecture between the day and plant height variable. 

Drawing the finding, following the previous study (Blanton & Kaput, 2004; Blanton & Kaput, 

2005; Tanıslı, 2011; E. A. Warren et al., 2006; E. Warren & Cooper, 2005) that elementary 

students are able to generalize and represent the relationship by correspondence. Blanton & Kaput 

(2004, 2005) found that students were able to think functionally at the kindergarten level co-

variationally and were able to think functionally as a correspondent in the 1st grade. Warren et al. 

(2006) found that elementary students are capable not only of developing functional thinking but 

also of communicating their thinking both verbally and symbolically. Tanıslı (2011) found that 

five-grader students thought on co-variation while working with the linear function tables. 

 

CONCLUSION  

This study found that mathematically gifted students are able to use functional thinking in solving 

a figural and non-figural linear pattern task. In solving a figural linear pattern task, gifted students 

perform FT consisting of: (a) near generalization by counting, multiplicative approach, and 

contextual strategy; (b) far generalization by contextual strategy; (c) formal generalization by 

multiple difference and proportional strategy; and (d) determining inverse by using general rule. 

In solving a non-figural linear pattern task, gifted students perform FT consist of: (a) near 

generalization, far generalization, and formal generalization by multiple difference strategy; and 

(b) determine inverse by using general rule.  

The findings of this study suggest that gifted students of elementary school in Indonesia have a 

potential in developing functional thinking. They are able in performing functional thinking in 

different ways. They also used different strategies in solving a figural and non-figural linear 

pattern. 
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