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Abstract: Social interactions, including collaborative problem-solving situations, can trigger 

critical thinking skills. Giving questions that are not routine can trigger students' critical 

thinking skills in solving problems collaboratively. This research aims to develop non-routine 

mathematics problems that can be used to explore students' critical thinking abilities in 

collaborative problem-solving. The research results show that questions with problem 

criteria that require justification for the solution provided and questions with a graphical 

analysis approach can be used to explore students' critical thinking skills in collaborative 

problem-solving. This is proven by solving the problems; each group member contributed to 

the solution-finding process. The contribution of each group member shows the high intensity 

of interaction between members. Interaction in the form of exchanging opinions, giving 

suggestions, and evaluating each other's ideas or answers significantly impacts students' 

critical thinking abilities. This is seen by the emergence of several students' critical thinking 

skills (analysis, synthesis, argumentation, evaluation, self-regulation) triggered by 

suggestions or ideas put forward by other group members. The research results can be a 

reference for researchers or practitioners exploring critical thinking skills as a guide in 

developing research instruments. 
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INTRODUCTION 

Mathematics education focuses on increasing the use of acquired mathematical knowledge and 

skills in daily problem-solving activities (Stacey & Turner, 2015). Critical thinking skills are 

needed to solve complex problems. Yee et al. (2011) state that critical thinking skills play a role 

in determining decisions in the problem-solving process. Someone who has critical thinking skills 

has a high level of sensitivity to problems so that they can quickly formulate problems, review 
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problems from several perspectives, and evaluate every step of solving problems that have been 

solved (Maričić et al., 2016). 

Critical thinking skills are one of the competencies that need to be developed because they predict 

one's success (Butler et al., 2017; Haynes et al., 2016). In addition, critical thinking skills can 

mediate several competencies that need to be mastered in the 21st century, such as collaborative 

skills, creative thinking, algorithmic thinking, and problem-solving (Kocak et al., 2021). Although 

critical thinking skills are cognitive processes, some experts define indicators that can be used to 

represent critical thinking skills. Perkins & Murphy (2006)  formulated four indicators of critical 

thinking skills, namely clarification, assessment, inference, and strategy. Facione (2015) mentions 

six indicators of critical thinking skills: interpretation, analysis, inference, explanation, evaluation, 

and self-regulation. Furthermore, four indicators of critical thinking skills were formulated by 

Ennis (2016), namely essential clarification, bases for decision, inference, and advanced 

clarification. Reynders et al. (2020) created a rubric to assess critical thinking skills based on four 

indicators: analyzing, synthesizing, forming arguments, and evaluating. At the same time, Cortazar 

et al. (2021) used six aspects as indicators of critical thinking skills: interpretation, analysis, 

inference, arguments, evaluation, and metacognition. From the results of the studies of several 

experts, the researchers formulated five indicators of critical thinking skills: analysis, synthesis, 

argumentation, evaluation, and self-regulation. 

The development of a person's critical thinking skills is influenced by social interaction. 

Collaboration catalyzes critical thinking skills (Waite & Davis, 2006) because collaboration 

encourages students to think deeply (Ebiendele Ebosele Peter, 2012; Hussin et al., 2019). 

Collaborative Problem Solving (CPS) is a problem-solving activity that requires interaction 

between group members during the problem-solving process. Hagemann & Kluge (2017) state that 

CPS is an interdependent activity of group members in the context of turning an input into output 

through cognitive, verbal, and behavioral activities to regulate task completion to achieve common 

goals. The interdependence attitude manifests in two roles: explainer/solver and checker 

(Westermann & Rummel, 2012). Explainers trigger cognitive processes such as elaborating 

knowledge, and checkers monitor explanations and reflect on understanding. In other words, CPS 

facilitates cognitive and metacognitive processes, supporting a person to become a good critical 

thinker (Maynes, 2015). 

CPS emphasizes the interdependence between group members. To foster this attitude of 

interdependence, the given in CPS are problematic for each group member (Hagemann & Kluge, 

2017; Westermann & Rummel, 2012). Complicated tasks involve problems involving several 

mathematical concepts, and solving them requires critical thinking skills, namely the ability to 

analyze, synthesize, and evaluate (Westermann & Rummel, 2012; Williams, 2000). This 

problematic task's characteristics follow the characteristics of non-routine mathematics tasks. In 

mathematics, non-routine tasks are characterized by not having an immediate solution, requiring 
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productive thinking (Kolovou et al., 2009), involving unexpected solutions (Yeo, 2009), requiring 

strategic thinking, and containing various mathematical concepts (Mabilangan et al., 2011). 

The development of mathematical tasks that can trigger critical thinking skills has been carried out 

by (Kuntze et al., 2017) in a particular context. In the context of collaboration, there still needs to 

be more development of tasks that can trigger students' critical thinking skills. In learning 

activities, students often work collaboratively due to the demands of collaboration skills in the 21st 

century (Barron, 2000; Chew et al., 2020; Sofroniou & Poutos, 2016). So for educators or 

researchers who support collaborative performance to explore critical thinking skills, it is 

necessary to know what characteristics of the problem can trigger students' critical thinking skills. 

The accuracy of the problem design will affect the accuracy of the critical thinking skills data 

obtained. The teacher and researcher can appropriately determine the next step if the data is 

accurate. Based on the literature review results mentioned, this study aims to develop non-routine 

mathematics problems that can be used to explore students' critical thinking skills in collaborative 

problem-solving. The urgency of developing non-routine problems is shown in Figure 1. 

 

 

 

 

 

 

 

Figure 1. The Urgency of Developing Non-Routine Mathematical Tasks 

LITERATURE REVIEW 

Critical Thinking Skills in Collaborative Problem Solving 

Vygotsky's sociocultural theory and the Zone of Proximal Development (ZPD) model state that 

conversations with peers will expand students' ZPD to think critically (Wass et al., 2011). 

Furthermore, Wass et al. (2011) stated that in Vygotskian's view, critical thinking involves the 

collaboration of several mental functions, such as memory, imagination, analysis, and evaluation 

taught through conversation. Therefore Wait & Davis (2006) stated that collaboration is a skill 

catalyst for critical thinking. In this study, collaboration settings were facilitated by Collaborative 

Problem-Solving (CPS) activities. The indicators for critical thinking skills in this study use critical 

thinking indicators from Reynders et al. (2020), namely analysis, synthesis, argumentation, and 

evaluation, coupled with another aspect, namely self-regulation from Facione (2015). Self-

regulation is deemed necessary to add because, in collaborative work, there will be an interaction 

between group members. Someone who thinks critically will check his understanding to respond 

to analysis, synthesis, argumentation, and evaluation activities carried out by others (Facione, 
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2015). The five indicators are then adjusted to the stages of solving collaborative problems 

proposed by Hesse et al. (2015): problem identification, planning and exploring, execution, and 

verification. This adjustment is based on the opinion put forward by Lester (2013), which implied 

that critical thinking skills play a role in every problem-solving activity. Analysis skills play a role 

in simplifying the context of the problem, and synthesis is needed when selecting the mathematical 

concepts to be used, argumentation is needed to execute the selected mathematical concepts, and 

evaluation is needed when checking the suitability of the problem with the solutions found. Figure 

2 is a visual representation of the role of critical thinking skills in solving collaborative 

mathematical problems. 

 

Figure 2. The Role of Critical Thinking Skills in Solving Collaborative Mathematical Problems 

Descriptions of adjustments to the stages of problem-solving and indicators of critical thinking 

skills are explained in Table 1. Combines the results of the theoretical studies put forward by 

Reynders (2020); Facione (2015); Hesse et al. (2015); dan Lester (2013), indicators of critical 

thinking skills in collaborative problem solving used by researchers are presented in Table 2. 

Table 1. Description of CPS Stages and Critical Thinking Skills Indicators 

Stages of CPS  

(Hesse et al., 2015) 

Critical Thinking Skills Indicator 

(Facione, 2015; Reynders et al., 2020) 

Problem Identification (PI) 

Identifying problematic problem 

elements by communicating 

opinions or information based on 

different roles. 

Analysis 

Describe and explore the meaning of data based on 

existing knowledge. 

Self-Regulation 

Check the quality of your thinking. 

Planning and Exploring (PE) 

Determining mathematical ideas 

that can support solving complex 

Synthesis 

Identify the relationship of some information or 

concepts. 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      221     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Stages of CPS  

(Hesse et al., 2015) 

Critical Thinking Skills Indicator 

(Facione, 2015; Reynders et al., 2020) 

problems by accommodating the 

various perspectives of team 

members based on different roles. 

Self-Regulation 

Check the quality of your thinking. 

Execution (EX) 

Implementing problematic 

problem-solving ideas that team 

members have agreed upon based 

on differences in roles. 

Argumentation 

Provide a systematic explanation in responding or 

providing information. 

Self-Regulation 

Check the quality of your thinking. 

Verify (VF) 

Checking the suitability of 

complex problems with solutions 

found by team members. 

Evaluation 

Assess the credibility of the claims and arguments 

that have been generated. 

Self-Regulation 

Check the quality of your thinking. 

 

Table 2. Indicator for Critical Thinking Skills in Collaborative Problem Solving 

Code Critical Thinking Skills Indicator in Collaborative Problem Solving 

(An) Analysis 

Describe and explore the meaning of data to understand and identify problematic 

problem elements by communicating opinions or information. 

(Sy) Synthesis 

Identifying the relationship between some information or concepts by 

accommodating the various perspectives of team members based on different roles 

to determine ideas that can support solving complex problems. 

(Ar) Argumentation 

Provide systematic explanations to apply ideas to solve complex problems that 

team members have agreed upon. 

(Ev) Evaluation 

Assess the credibility of the claims and arguments generated to check the 

suitability of problematic issues with the solutions that team members have found. 

 (Sr) Self-Regulation 

Checking the quality of one's thinking during the problem-solving process 
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Non-Routine Mathematical Problem 

Types of mathematics problems are divided into routine and non-routine problems (Jäder et al., 

2017). Routine problems are problems that are often encountered by students and have algorithms 

that are ready to be used to solve problems. In contrast, non-routine problems require high-level 

thinking and are rarely found in learning materials (Kablan & Uğur, 2020). Non-routine problems 

require students to use cognitive processes such as critical thinking to find solutions (Asman & 

Markovits, 2009; Thomas et al., 2013). In the context of mathematics, non-routine problems are 

mathematical problems that do not have a straightforward solution (Elia et al., 2009), require 

productive thinking (Kolovou et al., 2009), and require strategic thinking  (Mabilangan et al., 

2011). In other words, non-routine math problems are math problems that do not have a unique 

algorithm, so they require strategic thinking to solve them. 

Furthermore, mathematical problems, according to their purpose, are divided into two, namely 

"problem to find" and "problem to prove" (Polya, 1945). At the advanced level, the given math 

problem can be a "problem to prove," while at the intermediate to a basic level, the problem given 

is a "problem to find" (Stylianou et al., 2015). The participants in this study were high school 

students. Thus, "problem to find" was more appropriate to be developed into a research instrument. 

Problems related to quadratic functions were chosen to be developed in this study. 

METHOD 

This study aims to develop non-routine mathematics problems to explore students' critical thinking 

skills in collaborative problem-solving. A non-routine mathematical problem on quadratic 

function material is developed. Problem requires students to analyze graphs (Table 4). Function 

material was chosen because based on research conducted by Marzuki et al (2021) and Endrawati 

& Aini (2022) stated that problems related to functions can be used to explore students' critical 

thinking skills. Problem development also refers to the opinion of Rott (2021), which states that 

using math problems with clear but wrong solutions can explore students' critical thinking skills. 

This problem will trigger students to evaluate the stages of problem-solving thoroughly. Finding 

the right solution to a problem will trigger students to think critically. More specifically, the 

research results of Korres & Tsami (2010) and Ariza et al. (2021) also state that in material related 

to function, misuse of definitions can be detected and recognized by students through the use of 

graphical representations to present concepts, for example, by describing various graphic positions 

and connecting them with definition or concept. Therefore, a non-routine mathematical problem 

related to functions developed by researchers, namely, asking students to analyze graphs of 

functions. Table 3 shows the developed grid of non-routine mathematical problems. 

Table 3. Lattice of Non-Routine Mathematical Problem 

Problem Criteria Problem  

Purpose of Problem Problem to Find 
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Material Quadratic Function 

Approach Chart Analysis 

Type of Problem Require Justification Mathematics Problem 

 

In addition to the problem items, the researcher also made guidelines for solving each problem 

item.  

Table 4. Developed Non-Routine Mathematical Problems 

Problem  

The function curve 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 is as follows. 

 

Based on this information, Saila was asked to draw a curve which is a function curve 

𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5. Next, Saila draws the following curve and states that the curve is a 

function curve 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5.  

 

Is Saila's statement true? Explain your reasons. 

  

Validation activities are carried out to check the validity of the non-routine math problems that 

have been developed. Validation was carried out by three expert validators who are lecturers in 

Mathematics Education at Surabaya State University. One of the validators is a professor of 

Mathematics Education, the second validator is a lecturer in Mathematics Education whose 

research focuses on secondary education, and the third is a lecturer in Mathematics Education 

whose research focuses on critical thinking skills. Two drafts are given to the validator, namely 

drafts of non-routine math problems and guidelines for solving them. The validation results show 

that there are several suggestions from the validator, namely; 1) provide instructions for working 

on questions that can condition groups to complete tasks collaboratively from start to finish; 2) 

create an alternative data analysis document that shows; a) part of the problem that can trigger the 

emergence of aspects of critical thinking skills; b) the possibility of the emergence of critical 

thinking skills when students solve problems collaboratively. The conclusion from the results of 

the validation is that the non-routine math problems that have been developed can be used to 

explore students' critical thinking skills after being revised according to the suggestions of the 

validator. Based on suggestions from the validator, Table 5 shows the results of improvements to 
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non-routine math problems that can be used to explore students' critical thinking skills in 

collaborative problem-solving. 

Table 5. Improvement of Non-Routine Mathematical Problems based on the Validator's 

Suggestions 

Validator's Suggestion Improvement of Non-Routine Math Tasks 

Provide instructions for 

working on questions 

that can condition groups 

to complete tasks 

collaboratively from start 

to finish. 

Work on the questions in collaboration with group members; 

Each number is done together; 

Please ensure the written answers result from group discussion 

agreements; Double-check answers with group members before 

collecting them. 

Create an alternative data 

analysis document that 

shows; 

a) part of the problem 

that can trigger the 

emergence of aspects of 

students' critical thinking 

skills; 

 

b) the possibility of 

developing critical 

thinking skills when 

students solve problems 

collaboratively. 

 

After the problem is validated well, the researcher implements the problem on selected 

participants. The participants in this study were two groups of two 10th-grade students. Zuniga et 

al (2021) stated that working in pairs can increase the activity of negotiating, interacting, reaching 

agreements, and evaluating between group members. Thus, CPS will likely run well. The 

participants were chosen based on their mathematics ability, determined by their final exam scores 

on quadratic function material. Group 1 consisted of students with high (T1) and average (S1) 

mathematics abilities. Group 2 consisted of students with average (S2) and low (R1) mathematics 

abilities. We chose the combination of group members based on the type of group that we believe 

exists in a regular class. A week before implementation, the plan and topic of the assignment were 

informed to participants. The two groups were given assignments at different times so that the 
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researcher could focus on seeing the critical thinking skills that emerged during the assignment. In 

the implementation, each group is given a maximum work duration of 90 minutes. To support 

collaboration conditions, each group is only given one sheet of answer paper and one sheet of 

calculation paper, used together during the problem-solving process. During the problem-solving 

process, students cannot consult with researchers or teachers. This is done so that students' critical 

thinking activities emerge naturally without the influence of other parties. The activities of each 

group in solving problems were recorded using audio-visual material. At the end of the session, 

all working papers are collected. Work discussions were transcribed and coded based on Table 2. 

RESULTS  

This section analyses the potential of non-routine mathematical problems developed in exploring 

students' critical thinking skills in CPS. Analysis of potential problems was carried out by 

comparing the activities of the two groups in solving problem based on CSP stages. The 

presentation of group activities was accompanied by critical thinking ability indicator codes are 

shown in Table 2. 

Group 1 (T1S1) 

1. Problem Identification 

After reading the problem, S1 identifies 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 (An-S1). S1 

conveys to T1 that the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 is known data, and the function 𝑓(𝑥) = 𝑥2 −

𝑘𝑥 + 5 is what is being asked. At the same time, T1 identifies the graph corresponding to the 

function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 (An-T1). T1 shows S1 the graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥. Next, 

S1 explains the relationship between the T1 identification results and the things asked in the 

question (An-S1). According to S1, the results of T1's identification, namely the function 𝑓(𝑥) =

𝑥2 + 𝑘𝑥 and the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 can be used as a reference to determine the correctness of 

the graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 and drawn by Saila. At this stage, T1 and S1 agree with what is 

asked in the question. 

2. Planning and Exploring 

This stage begins with T1 connecting the function graphs 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 with the discriminant concept to find the value of 𝑘 and finding that 0 < 𝑘2 < 20 (Sy-T1). T1 

asks S1 whether it is true that zero is one of the solution sets of the inequality 0 < 𝑘2 < 20. S1 

states that zero is included in the inequality 0 < 𝑘2 < 20 solution set. S1 looks again at the 

inequality 0 < 𝑘2 < 20. S1 states that zero is not included in the solution set of the inequality 

0 < 𝑘2 < 20 (Sr-S1). In the end, the finding of the inequality 0 < 𝑘2 < 20 was not used by T1 

and S1 because it did not find a specific 𝑘 value.  
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3. Problem Identification 

This stage occurs after T1 and S1 do not find a specific 𝑘 value. S1 re-identified the function 

𝑓(𝑥) = 𝑥2 + 𝑘𝑥 graph and found that the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 had an intersection point on 

the X axis. Next, S1 connected this finding with the roots of the equation 𝑥2 + 𝑘𝑥 = 0 to determine 

another way to find the value of k (An-S1). In this case, T1 corresponds to the meaning of the 

graph (𝑥) = 𝑥2 + 𝑘𝑥 discovered by S1. 

4. Planning and Exploring 

To implement the idea agreed with S1, T1 connects the intersection point of the graph of the 

function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 (S1's idea) with the roots of the quadratic equation 𝑥2 + 𝑘𝑥 = 0 and 

finds that 𝑥1 = 0 or 𝑥2 = −𝑘 (Sy-T1). Next, T1 checks the effectiveness of the synthesis results 

found, namely 𝑥1 = 0 and 𝑥2 = −𝑘, by asking S1's opinion about the value of 𝑥2 = −𝑘 (Sr-T1). 

S1 states that if 𝑥2 = −𝑘, then the graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 given in the problem is 

not correct. T1 rejects S1's statement because the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 graph is the 

information given in the problem. This makes T1 aware of T1's mistake in the problem-solving 

process (not by what was asked in the question, namely identifying the truth of the function f 

𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 (Sr-T1). S1 relates the results of T1's examination to the solution steps. The 

identification step that T1 has carried out is by identifying the roots of the equation 𝑥2 − 𝑘𝑥 + 5 =

0 and finding that 𝑥1 =
−𝑘+√𝑘2−20

2
 or 𝑥2 =

−𝑘−√𝑘2−20

2
 (Sy-S1). S1 suggests returning to using the 

root values of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 after examining the synthesis results that S1 has 

obtained (Sr-S1). T1 rejected the suggestion from S1 because it was inconsistent, so T1 proposed 

re-observing the questions given. 

5. Problem Identification 

S1 again identified 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 (the information asked for in the question) before 

proposing to redraw the graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 to check its suitability with the graph drawn 

by Saila (An -S1). At the same time, T1 identifies the elements of the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 to determine whether or not the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 can be drawn (idea S1) (An-T1). 

T1 rejected S1's idea because the value of k had yet to be found. Next, T1 identifies the relationship 

between the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5. T1 finds that the 

value of k in the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 is the same (An-

T1). S1 identifies the elements of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the function 𝑓(𝑥) = 𝑥2 −

𝑘𝑥 + 5 before agreeing with T1's statement (An-S1). T1 and S1 agree that the value of k in the 

function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 is the same. 

6. Planning and Exploring 
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T1 checks the correctness of the information given in the problem by drawing a graph of the 

function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 before further identification (Ev-T1). This was triggered by T1's 

statement, which stated that the graph provided in the question was wrong at the second PE stage 

(Number 4). T1 connects the location of the intersection point of the function graph 𝑓(𝑥) = 𝑥2 +

𝑘𝑥 with the value of the roots of the quadratic equation 𝑥2 + 𝑘𝑥 = 0 and finds that the intersection 

point of the function graph is (0,0)and (−𝑘, 0) (Sy-T1). S1 approves the results of T1's synthesis. 

T1 tries to connect the roots of the quadratic equation 𝑥2 − 𝑘𝑥 + 5 = 0, the intersection point of 

the function graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 and the drawn graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 by 

Saila. However, T1 realized that the relationship must be corrected because no conclusion could 

be drawn (Sr-T1). T1 connects the intersection point of the graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 

with the location of the graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 in the Cartesian plane and finds that 

the value of k is negative (Sy-T1). T1 connects the synthesis results, namely the inequality 0 <

𝑘2 < 20 and the synthesis results of negative 𝑘 values and finds that the possible 𝑘 values are 

−1, −2, −3, and −4 (Sy-T1). S1 agrees with T1's synthesis results, which state that the possible 𝑘 

values are −1, −2, −3, and −4. 

7. Execution 

T1 explained to S1 the application of the solution idea by assuming 𝑘 = −𝑛 to obtain 𝑓(𝑥) = 𝑥2 +

𝑛𝑘 + 5 (Ar-T1). T1 realized that the analysis did not solve the problem because it contained 

variable 𝑛 (Sr-T1). S1 proposes to find the discriminant value. T1 explained to S1 that the 

discriminant value cannot determine the value of 𝑘 because the discriminant function 𝑓(𝑥) = 𝑥2 −

𝑘𝑥 + 5 contains the form 𝑘2 (Ar-T1). Applying ideas from S1 and T1 did not find a solution, so 

T1 looked for other alternative solutions. 

8. Planning and Exploring 

T1 connects the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5  with the concept of intercept and finds that 

whatever the value of k, the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5  will still be tangent to the X axis (Sy-

T1). S1 approves the results of T1's synthesis. T1 re-explained the agreed solution idea by 

visualizing it in the cartesian plane (Ar-T1). 

 

9. Verify 

S1 re-examines the point drawn by T1. According to S1, the location of a point if 𝑥 = 0  is on the 

𝑌 axis (Ev-S1). T1 re-examines the solution ideas that have been put forward and connects them 

with the concept of intersection to find where the ideas that have been put forward are wrong (Sr-

T1). T1 agrees with S1's rebuttal. S1 re-examined the synthesis results, which found 𝑘2 < 20 

based on the fact that the discriminant value of the function graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 drawn by 
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Saila did not touch the 𝑋 axis (Ev-S1). T1 rechecked the synthesis results, which found 𝑘2 < 20  

based on algebraic facts and a negative 𝑘 value based on the function graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 (Ev-

T1). T1 realized that the graph drawn by Saila was not necessarily correct after T1 reread the 

question (Sr-T1). S1 rechecks the question's meaning to check the truth of T1's statement (Ev-S1). 

10. Planning and Exploring 

T1 again observes the location of the intersection point of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 graph to 

ensure the correctness of the synthesis result, namely that 𝑘 must be negative. S1 stated to T1 that 

from the start, the value of 𝑘 had been agreed to be negative. S1 connects the synthesis results, 

namely the negative 𝑘 value, the known data, namely the graph of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥, 

and the data in question, namely the truth of the graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5. Finally, S1 found an 

idea for a solution: checking the suitability of the negative 𝑘 value on the graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 (Sy-S1). T1 agrees with the results of S1's synthesis. T1 proposed using the 𝑋-axis intersection 

point. S1 explained to T1 that T1's idea, namely using the 𝑋-axis intersection formula, was 

inappropriate because it still contained the form 𝑘2 (Ar-S1). T1 lists several elements related to 

the quadratic function that fulfils the solution idea proposed by S1 and finds that the turning point 

abscissa formula is the most suitable (Sy-S1). T1 states that the graph drawn by Saila should be 

different from the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥. 

11. Verify 

S1 rechecks the suitability of the abscissa value of the turning point of the function 𝑓(𝑥) = 𝑥2 −

𝑘𝑥 + 5, namely  
𝑘

2
, with the location of the turning point of the graph of the function 𝑓(𝑥) = 𝑥2 −

𝑘𝑥 + 5 drawn by Saila (synthesis process T1) before agreeing to the conclusion stated by T1 (Ev-

S1). S1 stated to T1 that the graph drawn by Saila was correct because the final value of 
𝑘

2
 found 

was positive and corresponded to the location of the turning point of the graph of the function 

(𝑥) = 𝑥2 − 𝑘𝑥 + 5 drawn by Saila (T1's synthesis was not correct). S1 re-observes the agreed 

value of 𝑘 and states that the abscissa value of the turning point of the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 is negative (agrees with T1's opinion) (Sr-S1). T1 explained the problem-solving process to S1, 

where Saila should draw the function graph (𝑥) = 𝑥2 − 𝑘𝑥 + 5 based on the abscissa value 

obtained (Ar-T1). S1 explains the problem-solving process to T1, namely comparing the abscissa 

value of the turning point of the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 

(problem-solving process according to S1) (Ar-S1). S1 and T1 agreed that the graph drawn by 

Saila was incorrect. 

Group 2 (S2R1) 

1. Problem Identification 
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After reading the problem, R1 identified the element 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 and then connected it 

to the graph drawn by Saila (An-R1). R1 conveyed to S1 that Saila's statement was correct because 

the graph drawn by Saila corresponded to the coefficient value 𝑥2. On the other hand, after reading 

the problem, S1 proposed another idea for a solution. 

2. Planning and Exploring 

S2 connects the differences between the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the graph drawn by Saila and 

finds that the concept of discriminant can be used to solve the problem (Sy-S2). Meanwhile, R1 

connects the graph elements 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 and the general form of the quadratic function and 

finds that the value of k must be found first through the vertex 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 (Sy-R1). R1 

applies the idea to the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 to check the proposed idea (Sr-R1). R1 dropped 

the idea. S2 connects the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 with the concept of discriminant and finds that 

𝑘2 > 0 (Sy-S2). Thus, the value of k is obtained from 𝑓(𝑥) = 𝑥2 + 𝑘𝑥. R1 agrees with S2's idea 

of finding the value of k from the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥. 

3. Execution 

S2 explained to R1 the process of finding 𝑘 systematically and based on the intersection point of 

the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 (Ar-S2). However, the S2 explanation produces a 𝑘 value that cannot 

be precisely determined. 

4. Verify 

R1 checks why 𝑘 has not been found. R1 checks the 𝑘 value based on the graph position 𝑓(𝑥) =

𝑥2 + 𝑘𝑥 regarding the 𝑋 axis (Ev-R1). R1 finds the value 𝑘 > 0 because 𝑘2 > 0. S2 refutes R1's 

opinion by providing a counter-example, namely 𝑘 > 0 also results in 𝑘2 > 0 (Ev-S2). R1 

receives a rebuttal from S2. 

5. Problem Identification 

S2 re-explores the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 to complete the undiscovered intersection point (An-

S2). S2 has not been able to determine the use of analysis results in solving problems. R1 describes 

the meaning of the task given, namely finding two intersection points of the graph 𝑓(𝑥) = 𝑥2 +

𝑘𝑥, which can be used to find the truth of the graph drawn by Saila (An-R1). S2 agrees with the 

analysis results from R1. 

6. Planning and Exploring 

S2 connects the intersection point (𝑥) = 𝑥2 + 𝑘𝑥 with the function and graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 based on the results of R1 analysis. S2 concluded that Saila's answer was correct (Sy-S2). 

7. Verify 
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S2 connects the intersection point 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 with the function and graph 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5 based on the results of R1 analysis. S2 concludes that the value of 𝑓(𝑥) at 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 

is never zero, so Saila's answer is correct (Sy-S2). R1 asked the logic of the method used by S2 to 

connect the function 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 with the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 + 5 (Ev-R1). S2 

explained to R1 the synthesis stage and the underlying reasons based on the task's meaning (Ar-

S2). R1 refutes S2's explanation by suggesting a more appropriate alternative using the 

discriminant value (Ev-R1). S2 re-examines the problem-solving process that has been carried out 

using descriminants (Sr-S2). S2 found the discriminant value of the function 𝑓(𝑥) = 𝑥2 − 𝑘𝑥 +

5, namely 𝑘2 − 20  (did not find the specific discriminant value used to check the correctness of 

the graph drawn by Saila. 

8. Planning and Exploring 

R1 connects the peak point with the data in question, namely the truth of the graph drawn by Saila 

and finding the peak point can be used to determine the truth of the graph drawn by Saila (Sy-R1). 

S2 agrees with R1's idea and determines the peak point using the formula 𝑥 =
−𝑏

2𝑎
. R1 checks the 

effectiveness of the concept chosen by S2 before rejecting S2's idea. R1 proposed using the 

formula for the ordinate value of the vertex, namely 𝑦 =
−𝐷

4𝑎
 (Ev-R1). S2 checks the effectiveness 

of the concept chosen by R1 before rejecting R1's idea. R1 states that the formula 𝑦 =
−𝐷

4𝑎
 still 

contains a discriminant value that has yet to be found (Ev-S2). S2 and R1 agreed to return to the 

results of the answer written by S2; namely, Saila's answer was correct because they did not find 

any other alternative method. 

The results of the analysis of potential problem in exploring students' critical thinking skills based 

on the results of video-audio recordings and observations during collaborative problem-solving 

are presented in Table 6. 

Table 6. Visible Group Critical Thinking Skills Indicators 

Code Group 1 Group 2 

An T1 - Identify relationships between known 

data to understand the problem. 

- Identify known data elements to 

determine whether or not the S1 idea 

can be implemented. (Trigger: new 

idea resulting from analysis proposed 

by S1). 

S2 - Exploring known data to 

complete parts of data that 

have yet to be identified. 

(Trigger: group condition that 

has not found a solution by the 

agreed solution idea). 

S1 - Identifying relationships between 

known data to understand the problem. 

- Describe the relationship between the 

results of the T1 analysis and the 

R1 - Identifying known data and 

connecting it with the data 

being asked. 
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Code Group 1 Group 2 

information asked for in the question. 

(Trigger: T1 analysis results). 

- Identifying known data using other 

concepts that have never been 

proposed. (Trigger: group condition 

that has not found the right solution 

idea). 

- Identify the information asked for in 

the question. (Trigger: T1 statement 

stating that the S1 synthesis results are 

inconsistent). 

- Identify known data elements to 

determine whether idea T1 is possible. 

(Trigger: new idea resulting from 

analysis submitted by T1) 

- Identify the suitability of the 

data found with the facts. 

- Describe the meaning of the 

data being asked. (Trigger: S2 

has yet to find the use of the 

analysis results in solving the 

problem). 

Sy T1 - Connecting known data using a 

concept that T1 already knows. 

(Trigger: results of S1's analysis of the 

information asked for in the question). 

- Connecting S1's ideas with concepts 

that T1 already knows. (Trigger: results 

of S1 analysis on data known to use 

other concepts). 

- Connecting the synthesis results with 

concepts that T1 already knows. 

- Connect several synthesis results that 

have been found to determine a 

solution idea. 

- Connecting known data with concepts 

that T1 already knows. (Trigger: 

implementation of the agreed solution 

idea does not find a solution). 

- List several elements related to the 

concept that fulfil the idea of 

completion. (Trigger: S1's argument 

stating the weakness of the idea T1 

proposed). 

S2 - Connecting known data based 

on concepts that S2 already 

knows. 

- Connecting known data with 

concepts that S2 already 

knows. (Trigger: cancellation 

of the problem-solving idea 

carried out by R1). 

- Connect the results of their 

analysis with the data in 

question. (Trigger: results of 

analysis carried out by R1). 

S1 - Connect the results of the T1 

examination in the problem-solving 

process with the concepts that S1 

R1 - Relate known data elements to 

definitions. 

- Connecting known data with 

other concepts not proposed in 
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Code Group 1 Group 2 

already knows. (Trigger: T1 check on 

own statement). 

- Connecting several synthesis results to 

determine a solution idea. (Trigger: 

The group has yet to find the right 

solution.) 

the forum. (Trigger: S2 check 

result that finds R1's idea 

unusable). 

- Connect the analysis results 

found with the results of the 

S2 examination. (Trigger: 

results of examining the 

problem-solving process 

carried out by S2). 

Ar T1 - Simplify the explanation of solution 

ideas to S1 using algebra. (Trigger: T1 

synthesis result agreed upon by S1). 

- Explain the reasons for rejecting S1's 

idea by showing where it is inaccurate. 

(Trigger: new idea proposed by S1). 

- Explain the solution idea to S1 by 

visualizing the synthesis results 

obtained. 

- Explain the problem-solving process to 

S1 based on the agreed T1 synthesis 

results. (Trigger: S1 agrees with T1's 

evaluation results after re-examining 

his statement). 

S2 - Explain to R1 the synthesis 

process, which is carried out 

systematically and is based on 

data known in the assignment. 

- Explain to R1 the synthesis 

process based on the meaning 

of the task given. (Trigger: 

R1, who asks the logic of the 

method used by S2). 

S1 - Explain the reasons for rejecting idea 

T1 by showing where it is inaccurate. 

(Trigger: new idea proposed by T1). 

- Explain the problem-solving process to 

S3 by comparing the synthesis results 

found. (Trigger: T1 explains the 

process of solving the problem based 

on the agreed but incomplete results of 

T1's synthesis). 

R1 Not Visible 

Ev T1 - Draw graphs based on known concepts 

to check the correctness of the 

information given in the question. 

(Trigger: S1's statement stating that the 

information given in the question is 

incorrect based on the results of T1's 

synthesis). 

- Check again the synthesis results that 

have been found. 

S2 - Refute R1's opinion by 

providing counterexamples. 

(Trigger: results of evaluation 

carried out by R1). 

- Check the effectiveness of the 

concept chosen by R1 before 

rejecting the idea proposed by 

R1. (Trigger: idea proposed by 

R1). 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      233     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Code Group 1 Group 2 

- Check the problem-solving 

process that has been carried 

out to find the causes of 

inconsistencies in facts with 

calculation results. (Trigger: 

the result of R1 synthesis 

activity). 

S1 - Checking T1's arguments using 

concepts that S1 knows. (Trigger: 

argumentation carried out by T1). 

- Check again the synthesis results that 

have been found. 

- Check the meaning of the question to 

check the truth of the T1 statement. 

(Trigger: results of examination (self-

regulation) carried out by T1). 

- Examine T1's synthesis process before 

agreeing to the conclusions stated by 

T1. (Trigger: conclusion stated by T1). 

R1 - Checking the S2 explanation 

using other data. (Trigger: S2's 

explanation of the synthesis 

results but cannot yet be 

applied to solve the problem). 

- Asking the logic of the method 

used by S2 in synthesizing. 

(Trigger: synthesis process 

carried out by S2). 

- Refute S2's explanation by 

suggesting a more appropriate 

concept to the answer. 

(Trigger: S2's explanation of 

the problem-solving process, 

which, according to R1, is 

inappropriate). 

Sr T1 - Checking the effectiveness of the 

synthesis results that T1 has found in 

solving problems. 

- Recheck the suitability of the problem-

solving process that has been carried 

out in T1 with the information asked 

for in the question. (Trigger: S3's 

statement states that the T3 synthesis 

results cause the information given in 

the question to be incorrect). 

- Recheck the relationship between the 

synthesis results and the information in 

the questions T1 has created. (Trigger: 

T1 did not find the conclusion used as a 

resolution idea). 

- Re-examine the effectiveness of the 

proposed solution ideas for the 

problem-solving process. 

S2 - Re-examine the problem-

solving process that has been 

carried out using the R1 idea. 

(Trigger: R1's evaluation of 

the argument S2 put forward). 

- Recalculate the calculations 

that have been carried out to 

check the findings. (Trigger: 

results of analysis carried out 

by R1). 
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Code Group 1 Group 2 

- Check where there are errors in 

problem-solving ideas proposed using 

concepts that T1 already knows. 

(Trigger: evaluation carried out by S1). 

- Re-read the questions to investigate the 

accuracy of the agreed meaning of the 

questions. (Trigger: evaluation carried 

out by S1). 

S1 - Checking the synthesis results again 

using concepts that S1 already knows. 

- Review the synthesis results before 

deciding to return to using old ideas. 

- Checking the solution that S1 has 

found by connecting it to the agreed 

synthesis results. 

R1 - Apply the idea to known data 

to check whether the idea can 

be implemented. (Trigger: 

R1's synthesis). 

 

Based on Table 6, several indicators of critical thinking skills need to be visible based on the results 

of video-audio recordings and observations during problem-solving, namely argumentation in R1. 

Based on these results, there are indications that although the problems developed can trigger 

collaborative problem-solving conditions, the problems developed cannot be used to see students' 

critical thinking skills fully. Triangulation is needed by conducting interviews after the group has 

completed the task so that indicators of critical thinking skills can be seen and explored through 

interviews. Therefore, auxiliary instruments are still needed as guidelines for group and individual 

interviews. Individual interview guidelines are needed if there is a group where one member 

dominates when solving problems or conducting group interviews. The interview guide is semi-

structured by adjusting the results of problem-solving that students have worked on. In this 

research, researchers conducted group interviews with group 2 to explore argumentation indicators 

in R1. Group interviews were chosen because S2 and R1 did not dominate each other when solving 

problems. This can be seen at every problem-solving stage; both S2 and R1 contribute to the 

problem-solving process. The following is an interview conducted by researchers. 

P : Now, try to observe the location of the intersection point you found with this 𝑓(𝑥) =

𝑥2 + 𝑘𝑥. 

S2 : (write down the two points on the graph 𝑓(𝑥) = 𝑥2 + 𝑘𝑥 provided). The coordinate 

here should be (𝑘, 0) because it is the coordinate with 𝑥 being positive. But based on the 

calculation, the 𝑘 value is negative. 

R1 : We choose negative. In terms of location, the 𝒌 value should be positive. If we 

choose negative 𝒌, the position and the equation you find, namely 𝒙 = −𝒌, can be 
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the same. Note 𝒙 = −𝒌 = −(−𝒌) = 𝒌. So that's positive—the same as the positive 

position. 

Based on the interview excerpt, R1 explained the problem-solving process to S2 based on the 

relationship between existing data. Thus, the argumentation indicator in R1 was found when a 

semi-structured interview was conducted by adapting the results of problem-solving that had been 

carried out by group 2. 

DISCUSSION 

Critical thinking skills can be triggered by social interaction. One of them is collaborative problem-

solving settings because, in collaborative problem-solving settings, there will be cognitive and 

verbal activities that are interdependent in the context of problem-solving. This is also reinforced 

by Vygotsky's sociocultural theory and the Zone of Proximal Development (ZPD) model, which 

states that conversations with peers will expand students' ZPD to think critically (Wass et al., 

2011). Appropriate instruments are needed to explore students' critical thinking skills in 

collaborative problem-solving to obtain accurate and in-depth data. The potential of non-routine 

mathematical problems developed in exploring students' critical thinking skills in CPS was 

discussed from two perspectives: students’ interaction and students’ critical thinking skill that 

emerged in the process. The interaction between group members in completing tasks 

collaboratively was visible in both groups. Responding to this, students admitted that the task was 

difficult but could be done because each student succeeded in contributing to the group and 

completing each other's steps. Several studies state that the questions' difficulty level (Chiu, 2008; 

Graesser et al., 2017; Westermann & Rummel, 2012) can encourage interaction in CPS. Paying 

attention to the problem-solving activities carried out by both groups, the task does not have the 

potential to trigger a division of labor to obtain a solution. Each stage completed is completed 

collaboratively and recorded in one shared workspace. 

Using questions with a graphical analysis approach triggers students to explore graphs by being 

given various concepts. The results of observations in both groups showed that several graphic 

explorations had been carried out, namely checking the location of the intersection of the X and Y 

axes, checking discriminant values, checking the location of the peak point, checking the axis of 

symmetry of the graph and determine the possible direction of shift of the graph. Bezanilla et al 

(2019) stated that resource exploration activities like graphs would trigger students to think 

critically. Apart from that, in this graphic exploration activity, group members provide opinions to 

each other based on their knowledge. They give each other ideas that help check the solutions' 

correctness. This activity of sharing understanding allows for debate to criticize other people's 

thoughts and one's thoughts (Häkkinen et al., 2017). Thus, this aligns with research results showing 

that critical thinking activities that emerge in students are triggered not only by the questions given 

but also by ideas, statements, or problem-solving processes carried out by other group members. 
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This mutually triggering activity also shows that CPS impacts the development of students' critical 

thinking activities. 

The results showed that more than giving non-routine math problems was needed to explore 

students' critical thinking skills in collaborative problem-solving. Another auxiliary instrument is 

still needed namely task-based interview guidelines. Interviews are needed to examine indicators 

of critical thinking skills in collaborative problem-solving that cannot be explored by giving non-

routine problems. Several previous studies also used interview guidelines to collect data on 

student's critical thinking skills (Ariza, 2021; Dolapcioglu & Doğanay, 2022; Setiana et al., 2021). 

Li & Ren (2020) research states that interviews will provide more precise results in exploring 

students' critical thinking skills. Further research is needed regarding the use of interviews to 

stimulate students' critical thinking. 

The research results will add valuable insight for researchers and practitioners in designing non-

routine mathematics problems that can be used to explore students' critical thinking abilities in 

collaborative problem-solving. However, the results of this research still have limitations. These 

limitations include the number of participants used in only two groups. It would be better if there 

were more participants so that the potential of the task could be explored more. In addition, 

participants in this study were selected based on high, medium and low mathematics abilities. This 

ability is determined using student report scores. Discrepancies between student-reported scores 

and standardized tests may result in the selection of different participants and subsequently 

influence research findings. 

CONCLUSION 

Based on the results of the analysis that has been done, it can be concluded that giving non-routine 

mathematics problems with problem criteria that require justification for the solutions given and 

problems with a graphical analysis approach can be used to explore students' critical thinking skills 

in collaborative problem-solving. This is proven by solving the problems; each group member 

contributed to the solution-finding process. The contribution of each group member shows the 

high intensity of interaction between members. Interaction in the form of exchanging opinions, 

giving suggestions, and evaluating each other's ideas or answers significantly impacts students' 

critical thinking abilities. This is seen by the emergence of several students' critical thinking skills 

(analysis, synthesis, argumentation, evaluation, self-regulation) triggered by suggestions or ideas 

put forward by other group members. Thus, the non-routine questions developed can explore 

students' critical thinking skills in CPS. However, the analysis results also show that more than 

giving non-routine math problems with the abovementioned criteria are needed to explore students' 

critical thinking skills in collaborative problem-solving. An auxiliary instrument is still needed, 

namely an interview guide. This shows that in addition to giving non-routine math problems, 

triangulation methods are still needed in conducting interviews to explore students' critical 

thinking skills in collaborative problem-solving. 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      237     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Another thing that needs to be considered is the closeness between students in a group. Interaction 

between students will run well if one student avoids dominating the other. The closeness between 

students in a group needs to be considered mainly if the group consists of members with significant 

differences in cognitive abilities, for example, high and low abilities. Lastly, the researcher hopes 

that the results of this research can be helpful for researchers or practitioners as a reference in 

developing or researching critical thinking skills, especially in collaborative settings. 

ACKNOWLEDGEMENTS 

The authors would like to thank State University of Surabaya, University of Muhammadiyah 

Malang, the Center for Higher Education Funding (Balai Pembiayaan Pendidikan Tinggi), and 

The Indonesia Endowment Funds for Education (Lembaga Pengelola Dana Pendidikan) for the 

support. 

REFERENCES 
Ariza,  et al. (2021). Promoting critical thinking through mathematics and science teacher 

education: the case of argumentation and graphs interpretation about climate change. 

European Journal of Teacher Education. https://doi.org/10.1080/02619768.2021.1961736 

Asman, D., & Markovits, Z. (2009). Elementary school teachers’ knowledge and beliefs regarding 

non-routine problems. Asia Pacific Journal of Education, 29(2). 

https://doi.org/10.1080/02188790902859012 

Barron, B. (2000). Achieving coordination in collaborative problem-solving groups. Journal of the 

Learning Sciences, 9(4). https://doi.org/10.1207/S15327809JLS0904_2 

Bezanilla, M. J., Fernández-Nogueira, D., Poblete, M., & Galindo-Domínguez, H. (2019). 

Methodologies for teaching-learning critical thinking in higher education: The teacher’s 

view. Thinking Skills and Creativity, 33. https://doi.org/10.1016/j.tsc.2019.100584 

Butler, H. A., Pentoney, C., & Bong, M. P. (2017). Predicting real-world outcomes: Critical 

thinking ability is a better predictor of life decisions than intelligence. Thinking Skills and 

Creativity, 25. https://doi.org/10.1016/j.tsc.2017.06.005 

Chew, S. W., Huang, X. Y., Hsu, F. H., & Chen, N. S. (2020). Enhancing critical thinking skills 

of elementary school students through collaborative learning. Proceedings - IEEE 20th 

International Conference on Advanced Learning Technologies, ICALT 2020, 249–253. 

https://doi.org/10.1109/ICALT49669.2020.00082 

Chiu, M. M. (2008). Flowing toward correct contributions during group problem solving: A 

statistical discourse analysis. Journal of the Learning Sciences, 17(3). 

https://doi.org/10.1080/10508400802224830 

Córdoba Zúñiga, E., Zuleta Vásquez, I. C., & Moreno Moreno, U. (2021). Pair Research Tasks: 

Promoting Educational Research with Pre-Service Teachers. Colombian Applied Linguistics 

Journal, 23(2). https://doi.org/10.14483/22487085.16347 

Cortázar, C., Nussbaum, M., Harcha, J., Alvares, D., López, F., Goñi, J., & Cabezas, V. (2021). 

Promoting critical thinking in an online, project-based course. Computers in Human 

Behavior, 119. https://doi.org/10.1016/j.chb.2021.106705 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      238     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Dolapcioglu, S., & Doğanay, A. (2022). Development of critical thinking in mathematics classes 

via authentic learning: an action research. International Journal of Mathematical Education 

in Science and Technology, 53(6). https://doi.org/10.1080/0020739X.2020.1819573 

Ebiendele Ebosele Peter. (2012). Critical thinking: Essence for teaching mathematics and 

mathematics problem solving skills. African Journal of Mathematics and Computer Science 

Research, 5(3). https://doi.org/10.5897/ajmcsr11.161 

Elia, I., van den Heuvel-Panhuizen, M., & Kolovou, A. (2009). Exploring strategy use and strategy 

flexibility in non-routine problem solving by primary school high achievers in mathematics. 

ZDM - International Journal on Mathematics Education, 41(5). 

https://doi.org/10.1007/s11858-009-0184-6 

Endrawati, P., & Aini, I. N. (2022). Deskripsi Kemampuan Berpikir Kritis Matematis Dalam 

Pembelajaran Relasi Dan Fungsi. JPPM (Jurnal Penelitian Dan Pembelajaran Matematika), 

15(1). 

Ennis, R. H. (2016). Critical Thinking Across the Curriculum: A Vision. Topoi, 37(1), 165–184. 

https://doi.org/10.1007/s11245-016-9401-4 

Facione, P. a. (2015). Critical Thinking : What It Is and Why It Counts. In Insight assessment 

(Issue ISBN 13: 978-1-891557-07-1.). https://www.insightassessment.com/CT-

Resources/Teaching-For-and-About-Critical-Thinking/Critical-Thinking-What-It-Is-and-

Why-It-Counts/Critical-Thinking-What-It-Is-and-Why-It-Counts-PDF 

Graesser, A., Kuo, B. C., & Liao, C. H. (2017). Complex problem solving in assessments of 

collaborative problem solving. Journal of Intelligence, 5(2), 1–14. 

https://doi.org/10.3390/jintelligence5020010 

Hagemann, V., & Kluge, A. (2017). Complex problem solving in teams: The impact of collective 

orientation on team process demands. Frontiers in Psychology, 8(SEP). 

https://doi.org/10.3389/fpsyg.2017.01730 

Häkkinen, P., Järvelä, S., Mäkitalo-Siegl, K., Ahonen, A., Näykki, P., & Valtonen, T. (2017). 

Preparing teacher-students for twenty-first-century learning practices (PREP 21): a 

framework for enhancing collaborative problem-solving and strategic learning skills. 

Teachers and Teaching: Theory and Practice, 23(1). 

https://doi.org/10.1080/13540602.2016.1203772 

Haynes, A., Lisic, E., Goltz, M., Stein, B., & Harris, K. (2016). Moving Beyond Assessment to 

Improving Students’ Critical Thinking Skills: A Model for Implementing Change. Journal of 

the Scholarship of Teaching and Learning, 16(4). 

https://doi.org/10.14434/josotl.v16i4.19407 

Hesse, F., Care, E., Buder, J., Sassenberg, K., & Griffin, P. (2015). A Framework for Teachable 

Collaborative Problem Solving Skills BT  - Assessment and Teaching of 21st Century Skills: 

Methods and Approach (P. Griffin & E. Care (eds.); pp. 37–56). Springer Netherlands. 

https://doi.org/10.1007/978-94-017-9395-7_2 

Hussin, W. N. T. W., Harun, J., & Shukor, N. A. (2019). Online interaction in social learning 

environment towards critical thinking skill: A framework. Journal of Technology and Science 

Education, 9(1). https://doi.org/10.3926/jotse.544 

Jäder, J., Sidenvall, J., & Sumpter, L. (2017). Students’ Mathematical Reasoning and Beliefs in 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      239     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Non-routine Task Solving. International Journal of Science and Mathematics Education, 

15(4). https://doi.org/10.1007/s10763-016-9712-3 

Kablan, Z., & Uğur, S. S. (2020). The relationship between routine and non-routine problem 

solving and learning styles. Educational Studies. 

https://doi.org/10.1080/03055698.2019.1701993 

Kocak, O., Coban, M., Aydin, A., & Cakmak, N. (2021). The mediating role of critical thinking 

and cooperativity in the 21st century skills of higher education students. Thinking Skills and 

Creativity, 42. https://doi.org/10.1016/j.tsc.2021.100967 

Kolovou, A., Panhuizen, M. V. D. H., & Bakker, A. (2009). Non-routine problem solving tasks in 

primary school mathematics textbooks – A needle in a haystack. Journal for Research in 

Mathematics Education, 8(2). 

Korres, K., & Tsami, E. (2010). Supporting the development of critical thinking skills in secondary 

education through the use of interdisciplinary statistics’ and mathematics’ problems. Journal 

of Interdisciplinary Mathematics, 13(5). https://doi.org/10.1080/09720502.2010.10700716 

Kuntze, S., Aizikovitsh-Udi, E., & Clarke, D. (2017). Hybrid task design: connecting learning 

opportunities related to critical thinking and statistical thinking. ZDM - Mathematics 

Education, 49(6). https://doi.org/10.1007/s11858-017-0874-4 

Lester, F. K. (2013). Thoughts about research on mathematical problem- solving instruction. 

Mathematics Enthusiast, 10(1–2). https://doi.org/10.54870/1551-3440.1267 

Li, J., & Ren, Y. (2020). The Cultivation of Critical Thinking Ability in Academic Reading Based 

on Questionnaires and Interviews. International Journal of Emerging Technologies in 

Learning, 15(22). https://doi.org/10.3991/ijet.v15i22.18197 

Mabilangan, R. A., Limjap, A. A., & Belecina, R. R. (2011). Problem solving strategies of high 

school students on non-routine problems : A case study. Alipato: A Journal of Basic 

Education, 5. 

Maričić, S., Špijunović, K., & Lazić, B. (2016). The influence of content on the development of 

students’ critical thinking in the initial teaching of mathematics. Croatian Journal of 

Education, 18(1). https://doi.org/10.15516/cje.v18i1.1325 

Marzuki, Wahyudin, Cahya, E., & Juandi, D. (2021). Students’ critical thinking skills in solving 

mathematical problems; a systematic procedure of grounded theory study. International 

Journal of Instruction, 14(4). https://doi.org/10.29333/iji.2021.14431a 

Maynes, J. (2015). Critical thinking and cognitive bias. Informal Logic, 35(2). 

https://doi.org/10.22329/il.v35i2.4187 

Perkins, C., & Murphy, E. (2006). Identifying and measuring individual engagement in critical 

thinking in online discussions: An exploratory case study. Educational Technology and 

Society, 9(1), 298–307. 

Polya, G. (1945). Polya ’ s Problem Solving Techniques. In How To Solve It. 

Reynders, G., Lantz, J., Ruder, S. M., Stanford, C. L., & Cole, R. S. (2020). Rubrics to assess 

critical thinking and information processing in undergraduate STEM courses. International 

Journal of STEM Education, 7(1). https://doi.org/10.1186/s40594-020-00208-5 

Rott, B. (2021). Inductive and deductive justification of knowledge: epistemological beliefs and 

critical thinking at the beginning of studying mathematics. Educational Studies in 



 

                             MATHEMATICS TEACHING RESEARCH JOURNAL      240     
                             Summer 2024 
                             Vol 16 no 3 

 

 

Mathematics, 106(1). https://doi.org/10.1007/s10649-020-10004-1 

Setiana, D. S., Purwoko, R. Y., & Sugiman. (2021). The application of mathematics learning 

model to stimulate mathematical critical thinking skills of senior high school students. 

European Journal of Educational Research, 10(1). https://doi.org/10.12973/EU-

JER.10.1.509 

Sofroniou, A., & Poutos, K. (2016). Investigating the effectiveness of group work in mathematics. 

Education Sciences, 6(3). https://doi.org/10.3390/educsci6030030 

Stacey, K., & Turner, R. (2015). The evolution and key concepts of the PISA mathematics 

frameworks. In Assessing Mathematical Literacy: The PISA Experience. 

https://doi.org/10.1007/978-3-319-10121-7_1 

Stylianou, D. A., Blanton, M. L., & Rotou, O. (2015). Undergraduate Students’ Understanding of 

Proof: Relationships Between Proof Conceptions, Beliefs, and Classroom Experiences with 

Learning Proof. International Journal of Research in Undergraduate Mathematics 

Education, 1(1). https://doi.org/10.1007/s40753-015-0003-0 

Thomas, C., Badger, M., Ventura-Medina, E., & Sangwin, C. (2013). Puzzle-based Learning of 

Mathematics in Engineering. Engineering Education, 8(1). 

https://doi.org/10.11120/ened.2013.00005 

Waite, S., & Davis, B. (2006). Collaboration as a catalyst for critical thinking in undergraduate 

research. Journal of Further and Higher Education, 30(4). 

https://doi.org/10.1080/03098770600965417 

Wass, R., Harland, T., & Mercer, A. (2011). Scaffolding critical thinking in the zone of proximal 

development. Higher Education Research and Development, 30(3), 317–328. 

https://doi.org/10.1080/07294360.2010.489237 

Westermann, K., & Rummel, N. (2012). Delaying instruction: Evidence from a study in a 

university relearning setting. Instructional Science, 40(4). https://doi.org/10.1007/s11251-

012-9207-8 

Williams, G. (2000). COLLABORATIVE PROBLEM SOLVING IN MATHEMATICS : THE 

NATURE AND FUNCTION OF TASK COMPLEXITY Submitted in partial fulfilment of the 

requirements for the degree of Master of Table of Contents. 

Yee, M. H., Widad, O., Jailani, Y., Tee, K. T., Razali, H., & Mimi Mohaffyza, M. (2011). The 

level of Marzano higher-order thinking skills among technical education students. 

International Journal of Social Science and Humanity, 1(2). 

Yeo, K. (2009). Secondary 2 Students’ Difficulties in Solving Non-Routine Problems. 

International Journal for Mathematics Teaching   

 


