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The Problem Corner  

 
Ivan Retamoso, PhD, The Problem Corner Ed2tor 

Borough of Manhattan Commun2ty College 
2retamoso@bmcc.cuny.edu 

 
The Purpose of The Problem Corner 2s to g2ve Students and Instructors work2ng 2ndependently 
or together a chance to step out of the2r “comfort zone” and solve challeng2ng problems.  Rather 
than 2n the solut2ons alone, we are 2nterested 2n methods, strateg2es, and or2g2nal 2deas follow2ng 
the path toward f2gur2ng out the f2nal solut2ons. We also encourage our Readers to propose new 
problems. To subm2t a solut2on, type 2t 2n M2crosoft Word, us2ng math type or equat2on ed2tor, 
however PDF f2les are also acceptable. Ema2l your solut2on as an attachment to The Problem 
Corner Ed2tor 2retamoso@bmcc.cuny.edu stat2ng your name, 2nst2tut2onal aff2l2at2on, c2ty, state, 
and country. Solut2ons to posted problem must conta2n deta2led explanat2on of how the problem 
was solved. The best solut2on w2ll be publ2shed 2n a future 2ssue of MTRJ, and correct solut2ons 
w2ll be g2ven recogn2t2on. To propose a problem, type 2t 2n M2crosoft Word, us2ng math type or 
equat2on ed2tor, ema2l your proposed problem and 2ts solut2on as an attachment to The Problem 
Corner Ed2tor 2retamoso@bmcc.cuny.edu stat2ng your name, 2nst2tut2onal aff2l2at2on, c2ty, state, 
and country.  
 
Greet2ngs, fellow problem solvers! 
 
As the ed2tor of The Problem Corner, I am del2ghted to announce that we have rece2ved accurate 
solut2ons for both Problem 24 and Problem 25. These subm2ss2ons not only met the cr2ter2a for 
correctness but also exempl2f2ed effect2ve strateg2c appl2cat2on. Our pr2mary a2m 2s to showcase 
what we bel2eve are the best solut2ons to foster and elevate mathemat2cal knowledge w2th2n our 
global commun2ty. 
 
Solut2ons to Problems from the Prev2ous Issue. 
 
Dec0pher0ng the Puzzle of Lamp He0ght. 
 
Problem 24 
 
Proposed by Ivan Retamoso, BMCC, USA. 
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The d2agram 2llustrates a lamp pos2t2oned three un2ts to the r2ght of the y-ax2s and cast2ng a 
shadow due to the ell2pt2cal reg2on def2ned by the equat2on 𝑥! + 4𝑦! ≤ 5. G2ven that the po2nt 
(−5, 0) l2es on the shadow's edge, how far above the 𝑥-ax2s 2s the lamp located? 
 

 
 
F0rst solut0on to problem 24 
 
By Dr. Abdullah Kurud0rek, Mathemat0cs Ed. Department, T0shk Internat0onal Un0vers0ty. 
 
Th-s eff-c-ent solut-on comb-nes the power of -mpl-c-t d-fferent-at-on from Calculus w-th Analyt-c 
Geometry to compute the slope of a l-ne tangent to the ell-pse -n two d-fferent but equ-valent ways. 
The solut-on to the problem then smoothly follows. 
 
As can be eas2ly seen 2n the g2ven f2gure, there are two tangent l2nes shown w2th dashed l2nes to 
the ell2pt2cal area. Let's denote them as 𝐿" and 𝐿!. Add2t2onally, let's call the po2nt tangent to the 
ell2pse on the left s2de by 𝐴(𝑥, 𝑦). We can f2nd the slopes of these l2nes w2th the help of the 2mpl2c2t 
funct2on's d2fferent2at2on and two po2nts that l2e on a l2ne. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑳𝟐 

𝑳𝟏 

𝑨(𝒙,𝒚) 
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Slope of 𝐿" can be calculated as 2𝑥 + 8𝑦 #$

#%
= 0,	by us2ng 2mpl2c2t d2fferent2at2on. So,  𝑚&" = − %

'$
  

Slope of 𝐿" can be calculated by us2ng the po2nts 𝐴(𝑥, 𝑦) and (−5,0) on th2s l2ne. So,  𝑚&" =
$
%()

 
These slopes have both 𝑥 and 𝑦 so they can be equated as follows: 

𝑦
𝑥 + 5 = −

𝑥
4𝑦 

After cross-product we get 4𝑦! = −𝑥! − 5𝑥 and also know2ng that 𝑥! + 4𝑦! = 5. After 
subst2tut2ng the var2able 𝑦 for 𝑥 we get 𝑥 = −1 and then 𝑦 = 1. Then calculate the 𝑚&" = − %

'$
=

"
'
 and the equat2on of l2ne 𝐿" w2ll be 𝑦 − 1 = "

'
(𝑥 + 1). The locat2on of the lamp (3, ℎ) must sat2sfy 

the l2ne 𝐿". 
Therefore,  ℎ − 1 = "

'
(3 + 1) and ℎ = 2. 

 
 
The Challenge of F0nd0ng Coord0nates for a Po0nt Outs0de a C0rcle. 
 
Problem 25 
 
Proposed by Ivan Retamoso, BMCC, USA. 
 
The blue c2rcle 𝑥! + 𝑦! = 25 has tangent l2nes at the po2nts 𝐴 and 𝐵. 
 

 
 
The po2nt 𝐵 has 𝑥-coord2nate 3. 
The tangent l2nes meet at the po2nt 𝑃. 
F2nd the coord2nates of the po2nt 𝑃. 
 
F0rst solut0on to problem 25 
 
By Dr. Hosseinali Gholami, University Putra Malaysia, Serdang, Malaysia. 
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Our solver presents two d-fferent approaches to solve th-s problem: one us-ng the d-stance 
formula and the other us-ng der-vat-ves from Calculus. Labels and equat-ons are added to 
fac-l-tate the explanat-ons. 
 
Solution 1: 
 
We know the point 𝐵(3,𝑚) is on the graph of the circle 𝑥! + 𝑦! = 25. Therefore, the equation 
3! +𝑚! = 25 gives 𝑚 = ±4. Based on the following figure, only 𝑚 = −4 is acceptable and the 
coordinates of 𝐵 are (3, −4).  
 

 
Using the points 𝐴(0, 5), 𝑃(𝑛, 5) and the relation 𝑃𝐴 = 𝑃𝐵 we obtain the following equation: 
𝑛 = :(𝑛 − 3)! + 9! ⇒ 𝑛! = (𝑛 − 3)! + 9! ⇒ 6n = 90 ⇒ n = 15. 
Therefore, the coordinates of point 𝑃 are (15,5). 
 
Solution 2: 
 
𝒙𝟐 + 𝒚𝟐 = 25 ⇒ y = ±√25 − 𝑥!. We consider two functions 𝑦 = √25 − 𝑥! and 𝑦 =
−√25 − 𝑥! separately.  The point 𝐵 is on the graph of the function 𝑦 = −√25 − 𝑥!. 
+,
+-
= -

√!)/-!
⇒ 𝑎01 =

2
√!)/3

= 2
'
. 

 
It is clear that the coordinates of 𝐵 are (3, −4).  The equation of tangent line 𝑃𝐵 is as below. 
𝑦 = 𝑎𝑥 + 𝑏 ⇒ y = 2

'
𝑥 + 𝑏 ⇒ −4 = 2

'
× 3 + 𝑏 ⇒ b = /!)

'
⇒ y = 2

'
𝑥 − !)

'
. 

The point 𝑃(𝑚, 5) is on the tangent line 𝑃𝐵. Thus, we have: 
𝑦 = 2

'
𝑥 − !)

'
⇒ 5 = 2

'
𝑚 − !)

'
⇒ m = 15. 

It means the coordinates of point 𝑃 are (15, 5). 
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Second solut0on to problem 25 
 
By Dr. Abdullah Kurud0rek, Mathemat0cs Ed. Department, T0shk Internat0onal Un0vers0ty. 
 
Th-s alternat-ve solut-on comb-nes d-fferent-at-on from Calculus w-th the slope formula from 
Analyt-c Geometry. 
 
We can easily determine the coordinates of the points 𝐴(0,5) , 𝐵(3,−4), and 𝑃(𝑥, 5) in the given 
figure below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
By using the points 𝐵(3,−4), and 𝑃(𝑥, 5) the slope of the green line can be calculated as 𝑚45667 =
3

%/2
.  

The green line is also a tangent line to the circle at the point 𝐵. The slope of this line can be 
calculated by differentiation as  #$

#%
= 𝑚45667 = − %

$
= 2

'
. 

These slopes must be the same so, 3
%/2

= 2
'
 then 𝑥 = 15 and the coordinates of the point 𝑃(15,5). 

 
 
Th0rd solut0on to problem 25 
 
By Dr. Aradhana Kumari, Borough of Manhattan Community College, USA. 
 
Th-s solut-on met-culously deta-ls the process of f-nd-ng the coord-nates of po-nt B through the 
equat-on of a c-rcle -n Cartes-an geometry. It then employs -mpl-c-t d-fferent-at-on from calculus 

(𝟎, 𝟓) 
(𝒙, 𝟓) 

(𝟑,−𝟒) 
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to p-npo-nt the coord-nates of po-nt P. If you enjoy thorough explanat-ons and a method-cal 
approach, you'll f-nd th-s solut-on qu-te reward-ng. 
 
Solution: Consider the below Circle  

 

From the figure above, A lies on the y- axis. To find the coordinate of A which lies on y-axis we 

substitute  𝑥 =	0 in the equation given by (1) we get 

𝑦! = 25 

Hence y = 5  or  y =	−5.  As from the figure y is positive hence y is 5.  

Therefore, the coordinate of A is (0,5). 

The equation of line passing through A which is tangent to the circle at A is  

y = 5.  

From the figure above the y-coordinate of the point P is 5. 

From the above figure x- coordinate of point B is 3 and point B lies on the circle hence it 

satisfies the equation of circle therefore  

3! +	𝑦! = 25 

Therefore 

𝑦! = 25 − 9 = 16 

𝑦! = 16 
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Hence y = 4  or  y =	−4.  Since B lies on the fourth quadrant hence the y- coordinate of B is 

−4. Therefore, the coordinate of B is (3, −4). 

To find equation of tangent line at B. We differentiate the equation given by (1). We get 

#
#%

(𝑥! +	(𝑦))! = #
#%
(25) 

2𝑥 + 	2𝑦
𝑑𝑦
𝑑𝑥 = 0 

2𝑦
𝑑𝑦
𝑑𝑥 = 	−2𝑥 

𝑑𝑦
𝑑𝑥 =

−2𝑥
2𝑦  

Hence #$
#%
		at (3, −4)		is   /!(2)

!(/')
 = 2

'
 

The equation of line which is tangent to the circle at the point B with slope 2
'
  and passes through 

the point B (3, −4) is  y = 2
'
	𝑥 + 𝑏 

Substituting the coordinate of point B (3, −4)  we get  −4 = 2
'
	(3) + 𝑏 

Hence b = /!)
'

. Hence the equation of the line which is tangent to the circle at the point B is the 

line y = 2
'
	𝑥 − !)

'
 .......(2) 

To find the x-coordinate of the point P we substitute y = 5 we get 

5 = 2
'
	𝑥 − !)

'
 

Hence 𝑥 = 15. 

Hence the coordinate of the point P is (15, 5). 
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Dear fellow problem solvers, 
 
I'm pleased you enjoyed solv2ng problems 24 and 25 and have ga2ned valuable new strateg2es for 
your mathemat2cal toolk2t. Let's proceed to the next set of problems to further sharpen your 
sk2lls. 
 
Problem 26 
 
Proposed by Ivan Retamoso, BMCC, USA. 
 
The d2agram 2llustrates a c2rcle w2th a rad2us of 6 2nches and center O, w2th UB as 2ts d2ameter. 
Po2nts P and Q are pos2t2oned on the c2rcle so that OP and OQ are arcs of c2rcles w2th a rad2us of 
6 2nches and centers at U and B, respect2vely. Determ2ne, 2n exact form, the area of the "blue" 
reg2on OPQ. 
 

 
 
Problem 27 
 
Proposed by Ivan Retamoso, BMCC, USA. 
 
Cons2der the lemn2scate curve 2(𝑥! + 𝑦!)! = 25(𝑥! − 𝑦!). 
 

 
 

a. F2nd the slope of the tangent l2ne to the lemn2scate 2n terms of the var2ables 𝑥 and 𝑦. 
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b. The four po2nts on the lemn2scate where the tangent l2ne 2s hor2zontal are all on the 
2ntersect2on of the lemn2scate w2th c2rcle 𝑥! + 𝑦! = 𝑘, f2nd the value of 𝑘. 
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